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PREFACE 


The use of the diiferential geometr^^ of a Riemanman space 
in the mathematical formulation of recent physical theories 
led to important developments in the geometry of such spaces. 
The concept of parallelism of vectorrs, as introduced by Eevi- 
Civita, gave rise to a theory of the affine properties of a 
Riemannian space. Covariant differentiation, as developed 
by Christoffel and Ricci, is a fundamental process in this 
theory. Various writers, notably Eddington, Einstein and 
AV'eyl, in their efforts to formulate a combined theory of 
gravitation and electromagnetism, proposed a simultaneous 
generalization of this process and of the definition of paral¬ 
lelism. This generalization consisted in using general functions 
of the coordinates in the formulas ot covaiiant difterentiatioii 
in place of the Christoffel svmbols formed with respect to 
the fundamental tensor of a Riemannian space This has 
been the line of approach adoi>ted also by Cartaii, Schouten 
and othei‘s. AVhen such a set of functions is assigned to a 
space it is said to be affinely connected. 

From the affine point of ^ ie\N the geodesics of a Riemannian 
space are the straight lines, in the sense that the tangents 
to a geodesic are parallel with resiiect to the curve. In 
any affinely connected space theie are straight lines, which 
we call the paths. A path is uniquely determined by a 
point and a direction or by two iioints within a sufficientl3’' 
restricted region. Conversely, a sy^stem of curves possessing 
this property may be taken as the straight lines of a space 
and an affine connection deduced therefrom. This method 
ot departure was adopted by Veblen and the writer in their 
papers dealing with the geometry of paths, the equations of 
the paths being a g-eneralizatioii of those of geodesics by 
the process described in the first paragraph. 

Ill 
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In presenting the development of these ideas we begin 
with a. definition of eovariant differentiation %vhich involves 
Actions Ljk of the coordinates, the law connecting the 
corresponding functions in any two coordinate systems being 
fundamental. Upon this foundation a general tensor calculus 
is built and a theory of parallelism 

Much of the literature on this subject deals with the case 
where the connection is symmetric, that is iJ'jk = Llj. When 
the paths are taken as fundamental, this is the type of 
connection which is derived. This restriction is not made 
in the first chapter, which deals accordingly with asjTnmetric 
connections. 

Vectors parallel wdth respect to a curve for an asymmetric 
connection retain this property for certain changes of the 
connection. This is not true of symmetric connections. How¬ 
ever, it is possible to change a symmetric connection with¬ 
out changing the equations of the p^ths of the manifold. 
Accordingly when the paths are taken as fundamental, the 
affine connection is not uniquely defined, and we have a 
group of affine connections with the same paths, a situation 
analogous to that in the projective geometry of straight 
lines. Accordingly there is a projective geometry of paths 
dealing with that theoiy which applies to all affine connec¬ 
tions with the same paths. In the second chapter we 
develop the affine theory of sj'mmetric connections and in 
the third chapter the projective theorj*. 

For a sub-space of a Riemannian space there is in general 
an induced metric and consequently an induced law of 
parallelism. There is not a unique induced affine connection 
in a sub-space of an affinely connected space. If the latter 
is of order w and the sub-space of order n, each choice 
at points of the latter of m —n independent directions in 
the enveloping space but not in the sub-space leads to an 
induced affine connection, and to a geometry of the sub¬ 
space in many ways analogous to that for Biemannian 
geometry. Under certain conditions there are preferred choices 
of these directions, which are analogous to the normals to 
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the sub-space. The fourth chapter of the book deals with 
the g-eometry of sub-spaces 

A generalization of Hiemaimian spaces other than those 
presented in this book consists in assigning to the space a 
metric based upon an integral whose integrand is homogeneous 
of the first degree in the difierentials. Developments of 
this theory have been made b^^ Finsler, Derwald, Synge and 
J. H- Taylor. In this geometry the paths are the shortest 
lines, and in that sense are a generalization of geodesics. 
Affine properties of these spaces are obtained from a natural 
generalization of the definition of Levi-Civita for Kiemanniaii 
spaces Derwald has also obtained generalizations of the 
geometry of paths by taking for the paths the integral 
curves of a certain type of differential equations, and Douglas 
showed that these are the most general geometries of paths; 
lie also developed their projective theory. References to 
the woiks of these authors are to be found in the Biblio¬ 
graphy at the end of the book. 

This book contams, with subsequent developments, the 
material presented in my lectures at the Ithaca Colloquium, 
111 September 1925 . under the title The New Differential 
Oeometry, I have given the book a more definitive title. 

In the preparation of the manuscript I have had the 
benefit of suggestions and criticisms by Dr. Harry Ijev3'- 
Dr. J. M. Thomas and Mr. M. S Knebelman, the latter ot 
whom has also read the proof. 

September, 1927 
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CHAPTER I 


ASYMMETillC CONNECTIONS 


I . Tra-nsfonnation of coorciinates. Any ordered set of n 
independent real variables wliere i talces tbe values 1, - - - • 
may be tbou^bt of as coordinates of points in an 7^-dimensional 
s^ace 'Vn in the sense that each set of values of the a?’s defines 
a point of T^. The terms mamfold and variety are synonymous 
with space as here defined- If gp* * * - > ^0 for i = 1. -, 

are real functions, whose jacobian is not identically zero, the 
equations 

(1.1) = tf'*' (a*^, - - , = 1 , • . 7^) 


define a transformation of coordinates in the space . 

If and A'* are functions of the and a*'"s such that 


( 1 . 2 > 




in consequence of (1.1), and are the components in the 
respective coordinate systems of a contravariant vector. In 
(1-2) we make use of the convention that when the same 
index appears as a subscript and superscript in a term this 
term stands for the sum of the terms obtained by giving the 
index each of its ii values, this convention will be used 
throughout the book- Prom (1.2) we have by difierentiation 

, O', 9-^^ ^ 9A'°= 3a;^ a^g:» 80 .'^ 

SaJ-' 8a;'^ 8cr'“ Sa:'“ da'^ 


It IS assumed that the reader is familiar wdth relations con¬ 
necting the components of a tensor m two coordinate systems. * 

Of- 1926, 1, pp- 1—12 References are to tlie Bibliography at the end 
of the text 
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1 ASYMMETRIC CONNECTIONS 


He will observe that, because of the presence of the last 
term in the right-hand member of (1.3), the derivatives of 
and A'* are not the components of a tensor. 

Consider further a symmetric eovariant tensor of the second 
order whose components in the two coordinate systems are 
and gaii such that the determinant 

(I'-l) ^ 0>j\ 


is different from zero. From the equations 

, _ Sir*' dxJ 

9 up — 9y 

we get b 3 ' differentiation 

^9('p dfjxi dx^ 8 xJ 8 

Qcr'y 9 a/* 8a;'/» qsc''' 


+ 


! dx' 
\dx' 


d^xJ 




dx"' dx’^ dx’ 


dx^ 


9a;'“ 3 


yj-)' 


A similar observation applies to these equations. However, 
there are n^{n-\-iy2 of these equations, and they can be 

solved for the n-(n-yi)/2 quantities--j. We obtain 


/■i I ( M 9a 

^ dardy'^ 

where |^^^|>are the Christoflel symbols of the second kind. 


dxJ dx^ 


9£c'“ dx'^ 
j y r da^ 


dx^ WM dx'y' 




that is. 


(i.e) X + 

where cf^ are defined by 

(1-0 V Qjh = dj, 6j = 1 or 0 as * = j or j. 


3* 

\\Tien we eliminate - - - from (1.3) by means of (1.5), 

ox o x^ 

we obtain 

' 192G. 1, p. 19. 
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( 1 . 8 ) 

where 

(1.9) 


X 




X 


e« 

.iS 


9a;'“ 


dx'^ 
%xi ’ 




9 

9cr'^ 





From (l.S") we see that A.*j and X'^^^ are the components of 
a tensor in the two coordinate systems. Thus we have iormed 
a tensor by suitable combinations of the first derivatives of 
the components of a vector and a tensor. 


If g■^f is the fundamental tensor of a Biem annian space, 
then is the covariant derivative of X*. However, the 


theory of eovanant differentiation in a Biemannian space has 
nothing to do with the fact that the tensor gij is used to 
define a metric. Consequently this theory can be applied to 
any space, if we make use of any tensor g^j such that g ^0.^ 
2. Coefficients of connection. We have just seen that 
when a symmetric tensor g^ is specified for a space we have 
an algorithm for obtaining tensors from other tensors bj' 
differentiation. But this process is a special case of a much 
more general one. In fact, the fundamental element in the 

former consisted in the elimination of —— - — from equations 

9£c' 9a^^ 

(1.3) by means of (1.5). Fi*om this it is evident that if 
ijfc and are functions ot the ar’s and satisfsdng 

the equations 


( 2 . 1 ) 


9^a^ I yi dxJ 

dx'^'dx'^ 




rj;^ 


8 /* 

Q fy * 

a j ^ 


the quantities X\ and where 

8/.’ 


( 2 . 2 ) = 


dx-^ 

are in the relations 


+ A" LL. 


— T-rr + '■' • 


8/''^ 


(2.3) 


X' 


X'" 


8 8 x'‘^ 


8 >t"' 9a 


and consequently aie components of a tensor. 
Cf 1926, 1, i>p. 26-30 
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I ASYMMETRIC CONNECTIONS 


Conversely, if equations (2.3) are to hold for any vector, it 
tollows from (1.3) that we mu^ have 


9®.^* dcc'^ I j-i da^' _ dx^ 8 xi'^ j,y 

ar'“ ~ 8a.'?' 


which are equivalent to (2.1), since 


dx'^ dxJ _ ,/J 

dx>~ ~ 


9 dx 


= 3 !,. 


If we take any set of functions of the £»’s, equations 
(2.1) deteiinine the corresponding^ functions in any other 
coordinate system a:'* such that equations (2.2) define the 
components of the same tensor in the two coordinate systems. 
The particular form of the functions iy* in (1.5) arose from 
a tensor and there are other ways (cf. § 18) in which 
we get functions ijfc and in two coordinate systems 
satisfying (2.1). Whenever in any way such a set of function.*? 
is assigned to a manifold we say that the latter is connected 
and that the Zr’s are the coefficients of the connevUon 

j 2 1 

From (1.6) it is seen that the symbols -j are symmetric 

in ; and A. We remark that from the form of (2.1) it follows 
that, if the i’s are symmetric in the subscripts in one coor¬ 
dinate system, the corresponding coefficients in any coordinate 
system are symmetric. We do not make the restriction that 
they be symmetric, and for the present consider the more 
general case where the connection is asymmetric. Cartan* 
uses the terms with torsion and without torsion for the 
asjTnmetrie and symmetric connections respectively. 

'When we express the conditions of integrability of equa¬ 
tions (2.1). making use of (2.1) in the reduction, we obtain 


(2..5) 


j-z dxJ dx^ _ 9ct* 


1923, 5, pp 32o, 326. 
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where 

(2.6) L%i = ^~^- + L!;-iLhc — L%L}u, 

and similarly for L'a^. From the form of (2.5) it follows 
that Zjki and components of a tensor. Also if 

in (2.6) the functions are replaced by the Christoffel 

symbols formed with respect to the tensor Lju 

becomes the Biemannian curvature tensor of a Biemannian 
space with the fundamental tensor g^.* Accordingly we 
call Ljki the curvature tensor of the space.t 

3 . Covariant differentiation with respect to the L's. 
Since (2.2) are a generalization of (1.9), we call the tensor 
of components the first covanant denvatzve of X* tmth 
respect to the given connection, or briefly, with respect to the L's. 

If Xt are the components of a covariant vector-field, it is 
readily shown by means ot ( 2 . 1 ) tb the quantities Xnj, 
given by 

(3.1) == 

are the components of a tensor of the second order. It is 
the first covariant derivative of the vector X^ with respect to 
the Us. 

In general it can be shown that, if are the com¬ 

ponents of a tensor, the quantities 


(3.2) 


9 a^ “ 1 . .»«• 

9 od « 


i-/' 0+1 


«1* Sp_i1C8pj^, 


are the components of a tensor of order m - 1 - p + 1 , the first 
covariant derivative of the given tensor. As a consequence 
of this definition we have 


* 1926, 1 , p. 19. 
t Gf. Schouten, 1924, 1, p. 83 
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I. ASYMMETBIO CONNECTIONS 


The first cavarzant derivatzve toith respect to the Us of the 
tensor ts zero. 

If in (3.2) the i’s are replaced by the corresponding^ 
Christoffel symbols (1.6) of the second kind, we obtain the 
formulas for covariant differentiation with respect to the 
fundamental tensor of a Biemannian geometry.* As in the 
latter we can establish the theorem: 

Covariant dzfferentzation of the smn, difference, outer and 
inner product of tensors obeys the same rules as ordinal y 
differentiation. 

In order that this theorem may hold for the case of an 
invariant obtained by the inner multiplication of a contra- 
variant and a covariant vector, it is necessary that we define 
the first covariant derivative of an invariant (or scalar) to be 
its ordinary derivative. 

Since the Christoffel symbols 

equations (3.2) are not the only generalization of covariant 
differentiation in Biemannian geometiy. Thus if in (3.2) we 
replace and by Lf and we again obtain com¬ 
ponents of a tensor, as follows from the following considerations. 
When we put 
(3.3) 

we have from (2.1) that Qjk are the components of a tensor. 
Consequently the differences between the quantities defined 
by (3.2) and those obtained by the change described above 
are the components of a tensor. 

Still other definitions of covariant differentiation are possible. 
Thus recently Einsteint was led to the consideration of the 
equations 

dhj -Uilc - 0* 

Erom (3.2) and (3.3) it follows that the left-hand members 
of these equations are the components of a tensor. However^ 

* 1^, 1, p. 28. 

11 . 


I are symmetric in j and Tc, 
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if Ov = A* /ij, the above theorem as regards products does 
Dot hold,* if we define the left-hand member to be the covariant 
derivative of a^. 

When dealing with asjfiimetric connections, we shall ad¬ 
here to (3.2) as the formula for covaiiant differentiation. 
Several subscripts preceded by a solidus ([) indicate repeated 
covariant differentiation with respect to the i’s. 

4 . Generali 2 :ed identities of Ricci. If 0 is an Invariant, 
its second covaiiant derivative is given by 

ba? dxJ ^ 

From this expression it follows that 

(4.1) 6\ij B\ji == 2difc 

where i3^ are defined by (8.3); we recall also that they are 
the components of a tensor. 

Proceeding in like manner with a contravariant vector A*, 
a covariant vector i-t and a covariant tensor Oy, we obtain 
respectively 

(4.2) — ^^\kj = — Liyh. — 2AV» 

(4.3) ^i\jk ^i|fc/ — -Ijyh 2At|ft, £ijk> 

(4.4) ay\7d — Uyiuc = Ohj Ijda + (hh I^m — 2 atj\it . 


And in general we have 
(4.5) 


^1 




— aJ- 


Sp\lk 


1, .P 
2 <■ 




1 . 


I < 




'CH-I 




,,S^‘ 


r„, 


The foregoing identities are generalizations of the Ricci 
identities of Riemannian geometry.t When covariant differen¬ 
tiation is used, it is advantageous to use (4.5) in place of the 

* Gf. X ilf. Thomas, 1926, 13, p. 189. 

'i'1926. 1, p. 30, cf. Sehouten, 1924, 1, p. 85. 
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customary conditions of integrability of ordinary differentiation, 
namely 


9 

/90\ 

_ 9 

1 

dooi 

l9a;V 

1 

\dxJj 


the derivation of the generaltzed zdentities of Ricci. 

5. Other fundamental tensors. If we put 




(5.1) -jit 2 

it follows from these equations and (3.3) that 


(5.2) l',k 

Thus and S2j]c are the symmetric and skew - symmetric 
parts respectively of Ljk- Substituting these expressions in 
(2.6), we obtain 

(5.3) Rjki = 

where 

(5.4) -f r!;,rL~r%rh 
and 

(5.5) JJju = —-Qj/tU +-Gj/c— Sijii, S^Ji — 2S2jiiSJ^i. 

From equations (2.1) and (5.2) we have 


(5.6) 


9“a:-' I j't dx* 

d.7ydx'^ ~ ^ 9>^'* 


.Smce these equations are of tlie form (2.1), it follows that 
Dju are the components of a tensor. This is evident also 
from (5.3), .since iijw are the components of a tensor. 

From (5.3). (5.4) and (5.5) it follows that the tensors 
B'fU, and SIju are skew-symmetric in the indices Zc and 1. 

If Bjk denotes the contracted tensor Bjia and bjk and /Sj^ 
denote respectively the symmetric and skew-symmetric parts 
of Jijjc, we have from (5.4) 


• 5.7) bjk 


1 ( 8 Ho 

2 \ 9a* 


a_rL\ 

I 


“T ^ Itk -/ jk f hi^ 
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(5.8) 


— 


\ ( 11 %. 

2 \ 0 a^ 


8 

0 a>/ / 


We shall show that is the curl of a vector. In fact, 
let be any symmetric tensor of the second order and 
form the Christoffel symbols of the second kind, if we put 


(5.9) 






It follows from (1.5) and (5.6) that are the components 
of a tensor symmetric in the indices j and 7c. Since 

i « I _ 8 log VT * 

\zji dX'^ ’ 

it follows from (5.8) and (5.9) that 


( 6 . 10 ) 


fijk = 


1 / dttj _ d die \ 

2 \ dx^ dx-> j’ 




a: 


V 


'/ \ij\ 


If in place of taking the tensor we had taken any other 
tensor g^, the function g/'g is a scalar, and consequently 
aj in (5.10) would have been replaced by aj plus a gradient. 
From (5.4) and (5.8) we obtain 


(5.11) 

If we put 

(5.12) 


^ta ” ^ikl 

•S; = 


we have from (5.5) by contraction for i and I and toi i 
and J respectively 


(6.13) Qju = = —i£ij,k+Si]ku + iih -^4+ -"-'to) 


and 

(5.14) 




dSii 

003* 


dSik 

0 £C* • 


As a consequence of (5.3), (5.10), (5.11) and (5.14) we have 
The sTcetv-symmetrtc tensor L\j^ is Uie curl of the vector 
— (a, i2,), where Ot «s determined to within an additive 

arbitrary gradient. 

* 1926, 1, p. 18 
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When the expressions (5.9) are substituted in (5.4) and we 
denote by the components of the Biemannian curp-ature 
tensor for the tensor we have 

(5.15) == l ®/i7c ^jk ^hV 

where a semi-colon followed by an index indicates covariant 
differentiation with respect to the ff's. Contracting for i and I 
and for i and j, we have 


(5.16) == Bjj, — a% aj, 

and (5-10), in consequence of (5.11). From (5.16) it follows 
that the symmetric part of Bjk is 

(5.17) ^ + — + 


If the symmetric tensor 6y, defined by (5.7), satisfies the 
condition that the determinant j 6<; | is not identically zero, 
it may be made to play a role for the manifold analogous 
in some respects to that of the fundamental tensor in 
Biemannian geometry. It is the tensor which would natiu-ally 
be used for the tensor in the above equations to give 
determinateness to these equations.* 

From (5.8), (5.10) and (5.11) we have 

^ __ Q _ 9 Uj __ 9 ai 

dcc^ dx-> daf’ 9a;J ’ 

from which it follows that a function g is defined by the 
equations 

( 6 . 18 ) 


From the relation (5.6) it follows that between g and the 
corresponding function g' in another coordinate system a:'* we 
have the relation 


* Of. JErtsenAort, 1928, 4, p 373. 


a a;'* 
9ay 
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Consequently we have the invariant integral 

J = ff dx^ • • dx'* = J* dx'^ • • • dx*'^. 

If in (6.18) we replace a* by a% + -^4^^—, where d is an 

arbitrary scalar, then is replaced by l^g 6. Hence for 
a given symmetric connection there is no uniquely defined 
fundamental integral like the volume integral of a Hiemannian 
space. If, however, the tensor 8%} is zero for the connection, 
the function g defined by (5.18) with a* = 0 is uniquely defined 
and thus we have a volume integral for the space* which 
is analogous to that of a Riemannian space.t 

6 . Covariant differentiation with respect to the /”s. 
Since the r’s satisfy (5.6), which are of the form (2.1), it 
follows from (3.2) that the quantities 


( 6 . 1 ) 










doc^ 


1 , , in 

4- H 






pi ^ 

Ji 






are the components of a tensor. This may be seen also by 
substituting the expressions (5.2) in (3.2) and observing that 
the differences between the resulting expressions and (6.1) 
are components of a tensor. The process defined by (6.1) we 
call covanant differenttatzon with respect to the F’s and use 
a comma followed by indices to denote this type of covariant 
differentiation.^ 

In terms of covariant differentiation with respect to the jT’s 
equations (5.5) become 

(6.2) — ^ji,k — Sihh — -Qjfc nli. 


* Of. Vehlen, 1923, 8, Eiaenhatt, 1923, 9. 
11926, p. 18. 

X Of. 1926, 1, p. 28. 
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I. ASYMMETRIC CONNECTIONS 


If 0 is an invariant, we have 


(6.3) 






= 0. 


Also we have the following generalized identities of Ricci- 


1 , 


(6.4) 






-2 

a ^ 

1 ,_ pi 


f-a- 






»-m Jj*-p 
■^hhl ' 


7 , Parallelism. Paths. In a general manifold there is 
no a j)i tot i basis for the comparison of vectors at different 
points. For a Riemannian manifold parallelism of vectors, 
as*defined by Levi-Civita, ‘ serves as a basis for such com- 
panson. This definition may be generalized for a connected 
manifold. We say that a czate is the locus of points for 
which the coordinates are functions of a parameter t. 
Let C be any curve and consider the system of' differential 
equations 

(1.1) . Ljaa - 0. 


where the x-’s in the L's are replaced by the functions of t 
for A solution of these equations, that is a set of functions 
satisfying them, is detei-mined by arbitrary values 
of the a’s for a given value of f. in accordance with the 
theory of differential equations. 

Consider such a solution. Since the A’s are functions of t 
and likewise the .r's. the A’s are expressible, in many ways, 
as functions of the /’s. Assume that the a’s considered as 
functions of the >-’s arc substituted 111 (7.1) and that the 

9 

resulting equations are multiplied by and % is summed. 

on} 

v'‘ being the coordinates of any other system for the s^iace. 
By means of equations obtained from ( 2 . 1 ) by interchanging 
the and ./-''s. the resulting equation is reducible to 


di 


I r rv 
— 


. dj u ^ 
dt 


== 0, 


ifIT 1. 
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where 

9 a:* 

Consequently a set of functions A* satisfying (7.1) are for each 
/alue of t the components of a contravanant vector. We say 
that they are parallel to one another vnih respect to the cm ve, 
and that any one of them may he obtained from an 5 ’^ other 
bj’ a parallel displacement of the latter along the curve. From 
the above remarks it follows that a family of vectors exists 
parallel to any given vector at a point of C. Since parallelism 
has thus been defined in terms of the connection, we say 
that the connection is affine and that the i’s are the coefficients 
of affine connection. 

Two vectors at a point are said to have the same direction, 
if corresponding components are proportional. Accordingly, 
if a set of functions A* satisfy equations (7.1), the vectors 
of components 

(7.2) r ^ 

w^here sp is any function of t, should be interpreted as parallel 
with reject to the given curve C From (7.1) and (7.2) 
we have 

where 

C7.4) m = 

Conversely, if we have any set of functions A® of f which 
satisfy (7.3), they are the components of a family of contra- 
variant vectors parallel with respect to C, and by means 
of (7.2) and (7.4) we find the vectors A* satisfying (7.1). 

From (7.3) we have, on eliminating f{t) and omitting the 
bars, 

(7.5) il'' -r{^ + L% i-' ^) = 0 
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as the conditions of parellelism which hold for (7.2) what- 
eTer be sp. 

As a particular example of the foregoing we consider the 
curves whose tangents are parallel with respect to the curves. 
From (7.5) it follows that the equations of these carves are 

dxJ [d^a^ I da^ da^\ 

dt \ dt^ ^ dt ~dt I 

^ dx^ [d*x-f , ^ dx^‘ dx^\ _ ^ 

dt \ + 

and that, conversely, any cui^ye defined by these equations 
possesses the above property. We call these curves the paHis 
of the manifold. They are an evident generalization of the 
geodesics of a Riemannian manifold.* 

From the form of (7.6) it is evident that all connected 
spaces for which the r's are the same but are. arbitraiy 
have the same paths. Later (§ 12) it will be shown that 
this is not a necessary condition. 

8 . A theorem on partial differential equations. Con¬ 
sider a system of partial differential equations 

(8.1) (« = !,• ..A/, 2 = 1,..., w), 

where the «//’s ai'e functions of the tf’s and .x's. The conditions 
of integr-ability of these equations are 

^ ^ dx-f dd^ dx-> dx’’ der dsc^ ’ 

where ^ and y are summed from 1 to M. If these equations 
are satisfied identically, the system (8.1) is completely inte- 
grable and the general solution involves M arbitrary constants. 
For in this case we can obtain developments in powers of 
the aj’s, with constant coefficients, which satisfy (8.1), the 
coefficients being determined by the initial-values of the d’s. 

* 1926, 1, p. 50. 
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If equations (8.2) are not satisfied identically, we have a 
set of equations, which establish conditions upon the 0's 
as functions of the re’s. If we differentiate each of these 

0 

equations with respect to the ar’s and substitute for -r—r 

oof 

from (8.1), either the resulting equations are a consequence 
of the set JF'i or we get a new set Fa. Proceeding in this 
way we get a sequence of sets, Fi, Fa, —, of equations, 
which must be compatible, if equations (8.1) are to have a 
solution. If one of these sets is not a consequence of the 
preceding sets, it introduces at least one additional condition. 
Consequently, if the equations (8.1) are to admit a solution, 
there must be a positive integer N such that the equations 
of the (^H-l)th set are satisfied because of the equations of 
the preceding sets; otherwise we should obtain more than 
M independent equations which would imply a relation between 
the ct’s. Moreover, from this argument it follows that N < M. 

Conversely, suppose that there is a number iV such that 
the equations of the sets 

(8.3) Ft,..., Fir. 

are compatible and each set introduces one or more conditions 
independent of the conditions imposed by the equations of 
the other sets, and that all of the equations of the set 

(8.4) jpjv-l-i 

are satisfied identically because of the equations of the sets 
(8.3). Assume that there are p (< M) independent conditions 
imposed by (8.3), say Gy (0, x) = 0. Since the jacobian 
9 Gr 

matrix is of rankp, these equations may be regarded 

9 

as solved for p of the 0’s in terms of the remaimng 0’s and 
the ic's, and the equations are then of the form (by suitable 
numbering) 

(8.5) 


0(f —y‘^(0**''’‘, • • d^,x) = 0 
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From these equations we have by differentiation 
aeo" d 6^ 


Replacing 


8 as* 8 e‘' 8 £c* 

8 


1^ = 0 (V=i>+1, 




8 as* 


by means of (8.1), we have 






8 8 * 


^r- 


8 sp** 




0 , 


which equations are satisfied because of the sets (8.3) and 
(8.4), as follows from the method of obtaining the latter. 
Accordingly we have by subtraction 


( 8 . 6 ) 


8 r* 8 8*' 



From these equations it follows that, if the functions 
( 9 P+ 1 , ..., are chosen to satisfy the equations 

IS' "" •• • 

where »//J' is obtained from on replacing 8'* (v == 1, . •, p) 
by their expressions (8.5), then equations (8.1) for « — l. •. ,2) 
are satisfied by the values (8.5). Since the equations of 
the set Fx are satisfied identically because of (8.5), it follows 
that equations (8.7) are completely integrable; for, the 
equations arising from expressing their conditions of inte- 
grahility are in the set Fx. Consequently there is a solution 
in this case and it involves M —jp arbitrary constants. 

When — M, we have in place of (8.5) 8” = «/'“(») 
and in place of (8.6) that the functions 8** satisfy (8.1). In 
this case there are no constants of integration. Hence wo 
have* 

Inordet' that a st/stern of eqxiatxona (8.1) adimt a solntio'n 
?t is necessart/ and sufficient that there exist a positive infcfpn 
FM) such that the equations of the sets Fx, ■ • JPa an 
compatible for all idines of the fl?’s in a domain, and that 
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the equations of the set Fn+x are satisfied because oj’ the foi m&i' 
sets; ifi p IS the number of independent equations in the first 
N sets, the solution involves Id—p aihitiary constants."* 

It IS evident from the above considerations that when an 
integer N exists such that the conditions of the theorem are 
satisfied, they are satisfied also for any integer larger than N. 
However, it is understood in the theorem and in the various 
applications of it that N is the least integer for which the 
conditions are satisfied. 

The above theorem can be applied also to the case when 
there are certain functional relations between the 6’s and 
ic’s which must be satisfied in addition to the differential 
equations (8.1). In this case we denote by Fq this set of 
conditions, and include in the set Fi_ of the theorem also 
such conditions as arise from Fo by differentiation and sub¬ 
stitution from (8 1). Then the theorem proceeds as above 
with the understanding that the sets Fo, F„ . ... Fjr shall 
be compatible, and that the set .Fa+i shall be satisfied 
because of the former. 

In certain cases (cf. § 36) the equations of the set jFi 
consist of two sets Fi and Ff, such that, if FJ and Ff are 
those which follow from Fi and F” respectively, then the 
set Ff IS a consequence of JFV- In' this ease equations 
Ff are a consequence of Fj and so on. Hence we have that 
all the solutions of Fi\ • • •, Fa’-, i satisfy the set Fa 
Accordingly m applying the theorem we have only to considt'V 
the sequence J^i'. • ■ F,', • - 

When the functions in (8.1) are linear and homogeneou*' 
in the <9’s, the same is true of the equations of .the sets 
Ft, jPsi moreover p is at most equal to M —1. From 
algebraic considerations it follows that the conditions of the 
problem are that there exist a positive integer N such that 

This theorem for the case Jlsf = p was used by Chf isiojfel, 1869, 
1, p. 60 ia the solution of a certain problem (cf § 28) and was used 
for the general case in the same problem by Wright, 1908, 1, pp. 16,17, 
cf. also, Sianchi, 1918, 1, pp. 9-13; Levi-C-ivita, 1925, 6, pp. 40-43 and 
Vehlen aqd J M. Thomas, 1926, 6, pp. 288-290. 


3 
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the rank of the matrix of the sets J?i, • • •, is M — ^ ( 2 ? ^ 1) 
and that this is also the rank of the matrix of J’l, • - -PV+i. 
When these conditions’ are satisfied, the solution of the 
problem reduces to the integration of a completely integrable 
set of equations (8.7), in which now the ^’s are linear and 
homogeneous. Consequently any solution is expressible as a 
linear function wit*, constant coefficients of pai-ticular 
solutions, and such an expression with arbitrary constant 
coefficients is a solution. Most of the applications of this 
theorem which we shall make are to equations of this linear 
type. Moreover, these equations are of the form in which 
the e’s are components of a tensor and in place of their 
derivatives we have first covariant derivatives. 

9. Fields of parallel contravariant vectors. When 
we have any conteavariant vector-field of components A*, the 
vectors of the field at points of a curve C are parallel, if 

(9.1) Qfi- A*,ft—2* A'^ifc) = 0, 

as follows from (7.5). In order that these equations be 
satisfied for the vectors of the field along any curve of the 
space it is necessary that 

= 0 , 

from which it follows that 

(9.2) A*‘ft — A* (i/fg j 

where is a covariant vector. When is not a gradient, 

• d * 35 ^ 

the function ■ depends upon the curve, so that if the 

vector A* at a point P is subjected to parallel displacement 
around a closed circuit the restilting vector at P will depend 
upon the path, this is shown in § 10. This will not be the 
case if /*ft is a gradient, in which case (9.2) may be written 

(9.3) 
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A field of vectors satisfying equations (9.S) is said to be a 
parallel field. If we change the components replacing by. 
the new components satisfy the equations 

(9.4) + = 0. 

If A* are the components of a parallel field the 5 ’^ define a 
congruence of curves along any one of which it is possible 

to choose a parameter t so that A* = • Then from (9.3) 

or (9.4) and (7.6) we have. 

'Hie curhes of a ccmgrv^ence of ufi les cletei mined Ly a fiAld 
of parallel vectors are paths. 

From (4.2) we have that the conditions of integrabdity of 
equations (9.4) arc 

(9.5) = 0. 

When 

(9.6) JXjk = 0. 

equations (9.4) are completely integrable, that is. a solution 
is uniquely determined by arbitrary values of A* at a given 
point. Hence we have: 

A necessary and suffi/ictent condition that thei e eoinst a field 
<f contravartnnt vectors parallel to an arhitiary vectoi is that 

(9.6) he satisfied. 

From equations (9.5) we have also 

A necessary and sufficient condition that a Vn admit n 
linearly independent fields of parallel contravariant vectors 
IS that the curvatme tensor Lju he a zero tensor. 

If equations (9.6) are not satisfied, on differentiating (9.5) 
covariantlj', we have in consequence of (9.4) 

(9. i') A Jjjijh , Tiij — 0• 

Proceeding in like manner with these equations, we obtain 
the sequence of equations 


2* 
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(9.8) 


A Sjfijl*. 0? 

, • • • • • 

^ 


Equations (9.4) are of the form (8.1). Hence in consequence 
of the results of § 8 we have 

A necessary and sufficient condition for the eoctstence of one 
or more fields of parallel umtravariant vectors is that there eocist 
a positive integer N such that the first N sets of equations (9.5), 
(9.7) and (9.8) admit r(^l) fundamental sets of solutions, 
lUnch satisfy the {N'^fih set of equations, if these conditions 
are satisfied, th&'e are r linearly independent fields of parallel 
lectors and any linear comhination, with constant coefficients, 
of these vectois is a parallel field.* 

Having thus obtained the conditions for one or more fields of 
parallel contravaiiant vectors in invanantive form, we shall 
show how all such fields may be obtained by making a suit¬ 
able choice of coordinates. 

Suppose we have r fields of parallel vectors of com¬ 
ponents A*„), where a, for a = 1,..., r, denotes the vector and i 
the component; we use the notation that an index in paren¬ 
theses indicates an entity, one without parentheses a com¬ 
ponent. In another coordinate system a:'* we have 

(9.9) ?fa) = Xlay 

Consider the system of differential equations 

(9.10) X„id) = =0. 

Since by hypothesis the functions Zla) satisfy (9.4), the 
Poisson operator applied to equations (9.10) gives 

* This theorem for the case = 0 was estahlished by Vehlen and 
T. Y. Thomas, 1923, 1, p. 590. 
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(.11J (Ar/Ajj AjiArt) ^-2 A(c.) 

We consider first the case when iiy 
equations (9.4.) become 

(9.12) --- 0. 


8 6 |_ 
dx>^ * 




—- 0. that is, when 


In this case equations (9.10) fonn a complete system, and 
thus there are n — ?• independent solutions - , a") for 

tf ~ 1, n. If we omit any one of equations (9.10), 

the remaining ones form a complete sj^stem and admit in 
addition to the above another independent solution. In 
this way we get r other functions 6“ (x^, • -, x") for 
ce ~ 1 , . , r, being the additional solution when Xr-i^d) = 0 

is omitted If we put 

(9.13) = (!>*(x’, • 


from (9.9) and (9.10) it'follows that in the coordinate 
system a'"’, the components ^la) are zero unless ? = a. 

Suppose now that equations (9.12) are expressed in this 
coordinate system, which we call a?*, then the comnonents 
of the ) vectois are of the form 


(9.14) Zlr,, = dj, tpa, 

ct not being summed. From (9.12) we have 

(9.161 rlt. = - A . 

oac" 

Since the l”s must be symmetric in the lower indices, it is 
necessary that be a function at most of as", a? +^, • -, ai". 
Hence we have the theorem- 

The most geineral space imth a symmetrtc connection 
admitting r fiedds of parcdJM contravariant vectors is obtained 
by choosing arbitrarily the coefficients I%t for c and x equal 
* Of G-owsed, 1891, 1, p. 52. 
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}•+ 1, —, w, and for the others ea^esstons of fJie forni(,9.15). 
where iffv ts a function of of*, as’+S 

When the connection is as 3 nninetric, the quantities (9.14) 


satisfy (9.4) if 
(9.16) 


VuK =- —SI 


8 log 

8aj* 


(« 


1, 


0. 


where et is not summed. Hence we have- 

A space with asymmetric connection admitting t fields of 
pcu'ciUel contravariant vectors is d^ned hy (9.16) where ipf, 
are any functions of the afs and the other Us are arbitrary. 

In particular, if r — n, it follows from the above results 
that the tensor Z/Jw is zero. This is readily verified for the 
expressions (9.16). 

If in equations (2.1) we replace Uf^ by expressions of the 
form (9.16) for a, fi, y — 1. •••,», we have 




dxJ 


dix^ 8 log rpa 


8 a* 
8 0!'“ 


= 0 , 


where a. is not summed in the last term. Since by hypothesis 
are zero, and U^^y are zero when t/^ce are arbitrary functions 
of the re’s, it follows from § 2 that the above equations are 
completely integrable. Hence we have: 

When ffee CMwature tensorr of a space with asymmetric 
connection is zero, a coordinate system exists for which the 
coefficients Jiaue the form (9.16). the n functions ipa being 
arhitrary. 

If the ifi*s are constants, the coefficients must be zero, 
which is possible only in case of a symmetric connection, 
as is evident from (2.1) if we take ijfc = 0. In this case 
we have as a corollary of the above theorem: 

When "Oie cuYvature tensor of a space with a symmetric 
cownecUon is zero, a co&rdinaie system exists for which all of 
Uis co^fieienis of ihe connection are zero. 

lO- PaSrallel displacemeiit of a contravariant vector 
around an infinitesimal circuit. In order to consider 
* JBwmAart, 1922, 1, p. 210. 
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the parallel displacement of a vector around an infinitesimal 
circuit, we consider a surface, that is a manifold of two 
dimensions, defined by equations of = v), where the 

functions J" and their derivatives to the third order exist and 
are continuous at a point P of the surface. We consider 
the circuit comprising the pomts 

jB(w + du, V + dv), S («, V + dv) and P. We take a vector A* 
at P and find from (7.1) the components of the vector at Q 
parallel to it, then in the same way the vector at R parallel 
to this vector at Q and so on. The components of the 
resulting vectors are given by 


( 10 . 1 ) 


a*)i>== (x*)5 


fd^^\ 

i -m 1 1 J 



\^du-\- Y 1 

[dti^J 


L _ , 1 1 


( doi 


[ di.^1 




{d?i> 

2 ' 



\ . 1 

/PAn 

( dv. 






whei'e the quantities such as )q’ forth 

are obtained from equations ot the form (7.1). When all 
Of the above equations are added, we obtain 



At P we have 




2J 

■ dti /p" 



du 9u JIp 
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When the functions ZJa. and -r — at Q are replaced by theii 

ov 

expansions about P and use is made of (7.1), we have 


dv/Q 






(^)a= -f If ]l+ • • 

In like manner we obtain 
Id7^ _ /^\ ' 

\dii)p \dnlR 


fZAn ld7^ 


1;^ 


r- 

.du \ 

+{i-'i 

1_1 


t dCrP‘\ j 7 i 833*= 903^ 

duj 8m 8m 




/ fZAn /4x^\ 

- -^ ^]L 

We remark also that the expressions for | ) 

( P I-*\ f d^ X*\ 

^^^2 jj, and f ^^g-j respectively, as 

given by (10.3) and (10.4), only in terms of the first and 
higher orders of the differentials. When these expressions 
are substituted in (10.2) we have 


(10.5) 


—^ du dv ~1~ • ■ •. 

V Jp 


From the considerations of § 9 it follows that A (^Ojp = 0 
when L^i = 0. The same is true when X* belongs to a field 
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of parallel vectors. But in the general case when a vector 
undergoes parallel displacement around an infinitesimal circuit 
the difference between its final and original position is of 
the second order and depends upon the value of the com- 
ponents l^ju at the starting point.* 

Let X\a) be the components of n independent eontravariant 
vectors at P, where «, for a = 1, • .n, indicates the vector 
and i, for 2 = 1,. . n, the component. If these vectors 

are displaced about an infinitesimal circuit and we denote 
by 7. the determinant ■?4o!)U then from (10.6) we have 

(10.6) 4(A)p = — \~~] dndv^- . 

' Oil ov I p 


Hence for this variation to be of the third or higher order 
it is necessary that [cf. (2.6)] 


8 J-'ti _ 8 Lj a, 

d 


O.t 


From these equations it tollows that 


(10.7) 


r * 


o log«/' 
dr> 


In another coordinate system x'* we have 

dr 


and we desire to find the relation between *]• and </•'. 
(2.1) we have 


r '' 


d 


dcr. 


/6 


log A + 


d 

d.r ' 


From 


I d sc^ 

where A is the lacobian . Consequently we have, to 

I dod 

within a negligible constant factor, 

* Cf. Schouten, 1924, 1, p 84 
f Of Schouten^ 1924, 1, p 89 
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( 10 . 8 ; 


sp' = y>A- 


that is, 5 p is a scalar density. 

If denote the components of the vectors m the co¬ 
ordinates x'^ and A' denotes the determinant i, we have 

(10.9) 


that is, A is a relative invariant of weight — 1. Accordingly 
Ajo is an invariant (or scalar). 

If now we take n linearly independent contravariant vectors 
parallel with respect to a curve C and let 5 p be any scalar 
density, we have 


d 
d t 


Ay 


A 


8 y 
8 ir*- 


-y 



Tt ' 


Consequently if the invariant Ay so formed with respect to 
eveiy curve in space is to be constant along the curve, it is 
necessary and sufficient that (10.7) hold, the function y being 
thus determined. 

In particular, if the connection is symmetric, we have in 
place of (10.7) 


( 10 . 10 ) 



8 logy 
dorJ 


Then from (5.8) and (5.11) we have that 

( 10 . 11 ) = 0 , = Bj,. 

Conversely, when conditions (10.11) are satisfied, we have 
(10.10), as follows from (5.8) and (5.11). Hence we have:* 
If for a symm&trtc cormection tJte contracted tensor Btj is 
symmeirtc, the magnitude of the detenmnant A of n linearly 
ind^endent contrcwanant vectors h(ay is unaltered to within 
terms of the thzrd and higher order, when the vectors undergo 
paraHA dtspUtcements about an znfinitesimal circuit, and 
conversely, 

* C5f. ScJu»ften, 1924, 1, p. 90. 
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II. Pseudo-Ortliog^onal contravariant and covariant 
vectors. Parallelism of covariant vectors. If (t^ are the 
components of any covariant vector, there are evidently « — 1 
linearly independent contravariant vectors such that 

( 11 . 1 } — 0 • (^tc — 1 , .... 1 ), 

We say that each of the vectors is psmdo-03 tJiogonal to 
in Biemannian geometry (11.1) is the definition of ortho¬ 
gonality, when fti are the covariant components of a contra¬ 
variant vector Evidently any vector pseudo-orthogonal 

to z** is expressible in the form 

(11.2) = a^Zip.) (a 1. . . n —1). 


where the a’s are invariants; here, and in similar cases later. 
« is supposed to be summed for its values 1, ■ . ti — 1. 

Consider any curve C of the space and n — 1 linearly 
independent families of contravariant vectors parallel with 
respect to C. From (7.3) it follows that we have 

( 11 . 3 ) — =X(fcy/cc(f) (« = !.• .>/- 1 ). 

a being not summed in the right-hand member. The equations 
(11.4; Aj«;z»e = 0 


define, to within a common factor, the components z^^ of a 
family of covariant vectors pseudo - Orthogonal to the given 
We say that these vectors /Ui a-i’e parailel with resjted 
to C. Differentiating (11.4) with respect to t and making 
use of (11.3), we obtain 


, (dg, , (l3C^^\ 

hto \ fif Ltic/fj fif j 


== 0 . 


1926, 1, p. 38. 
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Comparing these equations with (11.4), we find 

(n.6) 

as a necessary condition of parallelism. 

In order' to show that it is a sufficient condition, we con¬ 
sider n —1 hnearly independent eovariant vectors satis¬ 

fying equations of the form (11.5), that is, 

^ dli% ^ fj (a) _ («) « 

it -''' 

where a is not summed in the right-hand member. Then 
the equations 

'Xt (.CC) p. 

=0 

determine quantities to within a common tactoi\ wiiicli 
are the components of a contravariant vector pseudo-Ortho- 
gonal to each of the n — 1 vectors Differentiating these 
equations, we find that satisfies equations of the form 
(11.3) and consequently defines a familj'^ of contravariant 
vectors parallel with respect to C. Suppose now that we 
have any family of vectors t*t, satisfying (11.5) and we 
associate with \t n —1 vectors satisfying (11.6) all n being 
linearly independent. The vector and each set of n—2 
of the set determine a contravariant vector pseudo-Ortho- 
gonal to /it. In this way w® obtain n — 1 linearly inde¬ 
pendent families of parallel contravariant vectors pseudo- 
Orthogonal to the vectors fit Hence we have. 

Any family of a>variant vectors loJtose components satisjy 
equations of the form (11.5) are pai ailed imth respect to the 
given curve, that ts, they are pseudo-orthogonal to n —1 linearly 
independent famihm of contravariant vectors parallel lotth 
reject to the curve. 

*Brere «, where a = 1. « — 1, itidicates the vector and i the 

component. * 



la. CHANGES OE CONNECTION 




Incidentally we liave 

A.rty 0 % -1 Iznear-ly ^'nclajpmxdertt J^cmxzlies of co'vaTiant 'vectors 

parallel zoztJi respect to a curve are ps&udo-o^ tHogonal to a family 
of contravarzant vectoi s parallel ivztlz respect to the ciiriJe. 

By processes analog^ous to those used in § 9 we have that 
when the equations 

(11 7 ) 1 ^;- — Uk = o 

admit a solution, the vector-field is parallel. However, 
we cannot say that the existence of such a field is equivalent 
to the existence of n — 1 linearly independent fields of parallel 
contravaidant vectors. For on differentia ting (11.4=) covanantly 
and malving use of (11.7) we have 

- O, 

which are equivalent to 

- CCtcK A/#) y 

where for each value of « aiid^ >9 the o/s are components of 
a covariant vector. 

Prom (11.?'^ and (4.3) w^e have 

A izecessaiy aiid s'ltfficzerzt ioixdztion foi the eoctstence qf 
linearly zizclependent folds of 2}a7 allel covar?aitt vectors is that 
the <ii> vatzire tensor he zero, 

"When the connection is symmetric, it follows from (11.7) 
that IS the gradient of a function ^. Since in this case 
the covanant vector at an^" point in space is pseudo- 
orthogonal to every displacement in the hypersurface = const, 
containing the point, we call it the covanant p^^^'^^'^o'^ormal 
to the hypersurface. 5Ience we have- 

^Vhen a space zvztli symmett k ' coiznectzorz aclmzts a parallel 
field of covanant vectors^ they are the covat lant pseadonormals 
to a family of hypersurfaces 

13 - Clia.nges of connection wlxicli preserve parallel¬ 
ism. Bet Bjfc and Xj* he the coefficients of two different 
connections. "We inquire whether it is possible that parallel 
directions along every curve in the space are the same for 
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liie two connections. To this end we make use of the 
eq.uations of parallelism in the form (7.5). Subtracting these 
equations from the corresponding ones in the i’s, we have 


where 


/A* r.' A* \ i*" y 
(O^ Q.jU A /. ^ y, 

== iJiU - Jjjh- 


0 , 


From (2.1) it is seen that aj&'are the components of a tensor. 
Since these equations must hold for any curve and for vectors 
parallel to any vector wdth respect to this cmve. we must 
have 


«jft + <1* /. 


X* 

o, fJtiki 


dt flw. == 0 . 


Contracting for h and r, we have 

^’jK = -f) V'** 

where H)it is the vector defined by 

Conversely, if we take 

( 12 . 1 ) + 2 di 


where U>k is an arbitrary vector, the above conditions ai'e 
satisfied. Hence we have: 

Equations (12.1) m tthith ipi is an arbitral y cotanant 
vector define the most yeneral cJianrje of connection which 
preserves pa> allehsnij^ 

From the form of equations (12.1) it is seen tliat both 
sets of coefficients cannot be symmetric in the subscripts. 
In § 14 we discuss the case where one set does possess this 
property. Hence vre have. 

It is not possible to have two symmetric connections wiih, 
respect to which parallel directions along every curve in the 
space are the same for both connections. 

When the condition for parallelism is written in the form 
(7.3), that is, 

* Cf. Frieaecke, 1925, 1, p. 106, also J. M. Thomas, 1926. 3, p. 662 
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the fuiictioii J'if) for the connection (12.1) is given bj’ 
( 12 - 2 ) J + 

a t 

If we have a Held of parallel vectors 1* defined by 


then for the connection defined by (12.1) we have 


9a5^ 




which_is discussed in § 9. 

If Fjic and denote the symmetric and skew-s 3 ’mmetric 
parts of L)k, as in (3.3) and (5-1), ive have 


(12.3) r,i = + dj ifjK + 

and 

(12.4) + d] — iffj. 

From the definition (§ 7) of the paths of a connected 
manifold it follows that the paths are the same for all 
connections related as in (12.1). This can be shown directly 
bjr means of (12.3) Conversely, if we apply to equations 
(7.6) the same reasoning as was applied to (7.5), we can 
show that expressions of the fonn (12.3) give the most 
geneial relation connecting the /’’s so that the equations 
(7.6) are unaltered. Hence we have. 

jtJquations (12.3) and an arJntrary ihoice of Sijjc define the 
most general eliange in c&nnectton which pieserves the paths. 

If L]n denote the components of the curvature tensor for 
the ir’s defined by (12.1), from (2.6) we liave 


Idlpl 

9 ^h\ 

\ 

dx^j 


)• 


(12.5) 
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In liTrp. manner we have from (5.4) and (12.3) 

(12.6) = B]tci + dj {tpih — 'tpki) + d| ipjk — dl rfJji , 

where 

(12.7) — fpk, 

ipj^ie being the covariant derivative of tpj with respect to the 
r’s. Prom equations analogous to (5.3) and from (12.5) and 
(12 6) we have 

(12.8) nU == Sl]ja 4- d; {tpii — -ipki) + dl: yjji — dl . 


Prom (12.5) hj contraction we have 


(12.9) 

Ljk — 

iik. = i:,to+2(- 

9a~* 

) 

and 





(12.10) 

^jk —- 

^jk = -^jk + 2 n 

/ 9 V^k 
\ dxJ 

9a4 


) 


Prom this result and the theorem of § 5 we have: 

The vector yjt can he chosen so that for the neic linear 
connection I^k = 0. 

Prom (12.5) we have _ 

When, and only wh&n, is a gradient, Ljki = L)ia . 
Contracting (12.6) for ^ and I and i and j, we have respec¬ 
tively _ 

(12.11) Bjk = Bjk + n ipjk —V'jy 
and 

( 12 . 12 ) = fivc + ^^i-ipik—ipid), 


in consequence of (5.11). If in accordance with (5.10) we put 
(12.13) Afc = 


1 

(dfii 

dfik] 

2 

\da^ 

doc^ ) 


we have from (12.12) that 

(12.1-4) (ri-\- 1) “ipi Cl, 


where ci is the g^^adient of an arbitrary function a. 
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Again contracting (12.8) and using the notation of § 5, 
we have 

(12.15) Sijjc = i2jfc + (2— n)-tpjk — 

and _ 

(12.16) <Pfri5 = + («-1) {-Ipik — Tpkl) . 

From (12.4) and (5.12) we have 

(12.17) Hk = jQk + (n—l)t^k 

so that (12.16) IS consistent with (5.14). 

As an example of the second theorem of this section we 
consider the asymmetric connection which can be assigned 
to a Eiemannian space so that the geodesies be the paths, 
that there be n independent vector-fields of parallel unit vectors 
and that the angle between two directions at a point and 
the parallel directions at any other point be equal.* In order 
that the fii*st two conditions be satisfied we must have 
respectively 

(12 18) Zjfc = -f dj ipk + , 

where the Christoffel symbols are given by (1 6), and Ljki — 0 
(§ 9)j which in consequence of (5.3) and (6.2) are 

(12.19) — = 0, 

where covariaut differentiation is with respect to the ^^’s 
and JSjfci are the components of the Riemannian curvature 
tensor. The third condition is rjtj ^ = 0, which are reducible 
by means of (12.18) to 

(12.20) 2^y tpk + gtK yjK i/h 4- — 0, 

where 

Multiplying (12.20) by and summing for ? and j?, and by 
and summing for ^ and 7c, we And tbat 
* Of Cart an and Schouten, 1926, 12 


3 
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(12.-21) if'j = 0 <i]j ■= 0, 

and hence from (12.20) 

( 12 . 22 ) ^- 0 . 


When n e take the sum of the three equations obtained from 
(12.19) by permuting the subcripts cyclically and make use 
of known identities in the i?’s, we have 


(12.-23) ii]i h — — --jit -^hi 


^ 0 , 


bO tluit (12.19) maj’ be written in the form 

(12.24) Er,!./ + =-- 0. 


From these equations because of (12.22) and well-known 
identities in E,,r,r' we obtain 

--- / (2 S-%j iA, + ihou — Him H%) 

O 

and hence hom (12 24) 

(12.25) <Ut,, - iih.uSi';,+ Hmi Si%). 

Fiom (12.24) we Inne 


With the aid ot (12.22) and (12.25) we obtain 


(12.26) 


EjK,! = 0 . 


A solution ot tliese equations is furnished by the Einstein 
spaces, that is. spaces for which iJy = cejt,, where c is a 
constant. When this condition is not satisfied, it follows 
from (12.26) that the spaces are a sub-class of those considereti 
by the authoi-t (cf, ^ 29). For further considerations of the 
preceding case see the paper by Cartan and Schouten. 

1926, 1, i> 21 
•fCf 1923, 3. 
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13 . Tensors independent of the choice of ipi. Trom 
(12.5), (12 9), (12.10), (12.4) and (12.17) it is seen that the 
following tensors are independent of the choice of the vector 
ipt in ( 12 . 1 )- 

(13.1) -fjki = + Lm, 

(13.2) — 

Tv 

(13.3) 

(13.4) T'j, = i 4 ). 

From (12.15) and (12.16) we have 

~ +7r=r ^ ~ 

When these expressions are substituted in (12.8), we find 
that the tensor of components 

TXi -- - ^-(31 — Sijk — 6‘j Oki) 

(13.5) ^ 

+ 7 ^ j_l)S! (^* 

IS independent of the choice of tpi.’' From (13 6) we have 
by contraction 

U3.6) = 0, TXi = (-^-^» — 

Other tensors independent of the choice of ipt are obtained 
ill § 32. We close this section by establishing the following 
theorem 

A nefessary and sufficient condition that a vectcn ifft can he 
chosen so that tensor Ljia he zero is that the tensor he zero. 

* These results for (13 2), (13 4) and (13.5) are due to .T. 'M. Thomas, 
1926, 3, pp- 667, 668, 
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Evidently it is a necessary condition. Conversely, if the 
condition is satisfied, we have 

I13.7J = 0. 

Contracting for t and.y, we have, using the notation of (12.10). 

nLu = 0 . 

From (5 3), (5.11), (5 14) and (12.13) we have 
(13.H) “1“ 0 ^ • 

Hence equations (13.7) become 

[ a T =■ ® • 

Comparing these equations with (12.5) we see that Lju — 0, 
if we take 

+ 

where cr is any tunction of the a-’s 

14 , Semi-symmetric connections. In § 12 it was 
shown that parallelism with lespect to every curve in space 
cannot be the same for two symmetric connections. How¬ 
ever. if for an asymmetric connection we have 

(14.1) S2]u — dj a,, — 

vheio it, are the components of a vector, and we take 
M't — — then iijfc = 0 . as follows from (12.4). Con¬ 
versely, in Older that it be possible to choose i/h so that 
=- 0 . It IS necessary that SI^k be of the form (14.1). 
Following Sehonteii' we .sav that the connection is semi- 
sijmmt-fi n in thm case. Hence u e have 


ii>*2+ 1 p (.0 
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A necessmy and sufficient condihon that pat alldtsm he the 
name ivith tested to every ciitve for tioo connections one of 
ichich IS symmetric is that the other he semi-symmetric. 

From (12.4) it follows that, when a connection is semi- 
symmetnc, the other connections with the same parallelism 
are semi-symmetric with the exception of a unique symmetric 
connection. 

We establish the following theorem due to J. M. Thomas:”^ 
A necessary and sufficient condition that an nsymmetiic 
connection be semi-symmetric is that thei'e exist a coordinate 
system for each yoint of space in terms of which any vectcn 
at the point and that aiising fiom it hy a parallel displace¬ 
ment to any nearby pioint are pi oportional. _ 

If such a coordinate system y^ exist and 2^ are the com¬ 
ponents of a vector at a point P, then at a nearby point 
the components are A* — Ljic h' dy^. The conditions of the 
theorem are given by 

dy^ = 0 . 

Proceeding with these equations in a manner analogous to 
that at the beginning of § 12, we obtain 

(14.2) L]k = —Luk- 
From these equations we have 

2 4\ = -- (dj LhK — dl L %). 

Contracting for i and y, we have 

(14.3) 

and, the preceding equations can be written as 

(14.4) • 

W' X 

Hence the connection must be semi-s 3 naimetric. 

* 1926, 3, p. 670. 
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Conversely, if a connection is semi-symmetric and ar' are 
a. general system of coordinates and P is the point ot co¬ 
ordinates a:*, when we effect the transformation 

(14.5) — 

have at P 


(14.6) 


/^\ 
\^y /( 

I® a* \ 


dy‘ 


= - iTiu\+ m SI w,] 


and from the first of these it follows that 


(14.7) = (i2,)o. 

Making use of equations of the form ( 2 . 1 ), we have, 

iL;„X = (a;,)<,+ (*»)„+ 

Since equations (14.4) hold for any coordinate system, we 
have in consequence of (14.7), 

^ (^l)o, 

from which (14,3) follows by contraction. Hence in the 
coordinate system defined by (14.5), the conditions (14.2) 
are satisfied. 

15 - Transversals of parallelism pf a given vector- 
field suid associate vector-fields. If for a given vector- 
field X* the determinant | Pij [ is not zero,_ a nece^sarj’ and 
sufficient condition that the determinant lP|jl tor A* = yA' 
be zero, that is, that the determinant 

(16.1) + 

be zero, is that sp be a solution of the equation* 

"^Cf. KmoalfitoaM, 1909, 2, p. 84, Fine, 1905, 1, p, 505. 
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3^1 


(15.2) 


<P 


9 

Ofl * 
;."ii 


9 (f> 
dx’> 


== 0 






/ tl 






Moreover, the rank ot (15.1) is n — 1 for each solution 
Hence in considering any rector-field we assume that the 
components are changed a factor jp if necessary, so that 
IS at most of rank n — 1. We say that then the field 
is normal and that 9 is the normalizing factor. This is a 
generalization of a unit, or a null, vector-field in a Riemanman 
space. For, in this case we have — 0, and con¬ 

sequently [A’ijI = 0 . 

If the rank of | ' is m — r, there are r independent 

vector-fields /»(«) (a = 1 . ■, r) which satisfy 

(15.3) = 0 

and the general solution of (15.3) is 

(15 4) fi (a = 1, • ,0- 

where the «//’s are arbitrary functions of the x s. 

When iU.® satisfy (15.3), the vectors A® are parallel with 
respect to each curve of the congruence defined by 

dx^ _ dx’ ^ 

(.1^ (X^ 

as follows from (9.1). Moreover, it follows that the vectors 
are parallel, whatever be 9 . Accordingly we say that each 
solution of (15.3) defines a congruence of transversals of 
fiarodleVism of the field A®.* 

When I A*/I is of rank n — r, we say that the field A‘ is 
general or special, according as the rank of the matrix of the 

* Transversals of parallelism for a surface in ordinary space were con- 
isidered by JB%anch%^ 1923, 6, p. 806. 
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last n rows of (15.2) is w— r + 1 or n—r. When the field 
IS special, and also when it is general and r > 1, equation 
(15.2) is satisfied by every function y. When r = 1 and 
the field is general, equation (15.2) reduces to 


(15.5) 




9 5P _ 

dooJ ~~ 


J -- 


0 . 


Suppose that the field is general and that y is a solution 
of (15.5) when r — 1, or any function whatever when r>l. 
The equations 


(15.6) fj ,-'— 0 


are satisfied by all vectors a** defined by (15.4) for whicli 
the functions satisfy the equation 

tSt = 0. 

If there were a solution of (15.6) not expressible in the 
form (15.4), then from (15.6) we have equations of the form 
in which case the rank of the matrix of the last 
n rows of (15.2) is n —r. Hence when the field is general, 
all the solutions of (15.6) are expressible in the form (15.4), 
that is, on replacing by X^^ no new congruences of trans- 
veisals of parallelism are obtained. 

When the field is special, the determinant (15.1) is of 
rank w—at most and there are at least r independent 
solutions of (15.6). Consequently if gp is such that not all 
of the equations 

^ ^ (a = 1, . ■ •, r) 

are satisfied, there is another solution, say of equations 

(15.6). Evidently it is such that + 0. If /j-* is 

an\ other solution of (15.6) not of the form (15.4), on 
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eliminating A* from (15.6) and from the similar equations 
when is replaced by we have 


a5.7) ///, 


(e'^ 1) 




8 log </' 
dor’'- 


!•> 


I'w' 


1 ) 


9 log qi 

'9 


= 0 . 


and consequent] 3 ' is expiessible linearl.v lu terms of 

(iS=l. ••.;+!). Hence for the; given function y all 
solutions of (15.6) are expressible linearlj’^ in terms of these 
■> +1 vectors. For another function, sa.v y-i. there is at most 
one field other than (ce = 1, • . ;) But in this 

case we have the equations obtained from (15 7; on replacing y 
in the first term of the left-hand member b\’ tj<i and through¬ 
out by Consequentlj" the change of the function y 

does not yield new congimences of transversals of parallelism. 

Gathering these results together, we have 

When a vector-Jield A* ts nwmal and the i anJt of j A*|j 
n — r, there are i independent conptuences of fransv&'sals oj 
parallelism, unless the )ank of the matrix of the last n rou"- 
of (15.2) IS n —r; in the latte) case theie are i -|-1 independent 
congruences of transvei sals, moreover, in either case any hneai 
combination of the vectors defining congruences of transtersals 
also defines s^ich a congyuence. 

When A*_y = A*q), where is am’ vector, the vectors A* 
are parallel with respect to any curve in the space (cf. §§ 9, 10). 

We consider the converse problem- Given a vector-field 
to determine the vector-fields A* for which the former is 
a congruence of transversals of parallehsm. We assume that 
the coordinate system od- is that for which jw‘^= 0 (<r = 2, • • •. w) 
In this coordinate system the equations (15.3) for the detei-- 
mination of the A’s are 

(15.8) = o 


Any set of functions A* satisfying these equations are the 
components in the a?’s of a vector-field with respect to which 
the congruence is the congruence of transversals. A set 

1926, 1, p. 6. 
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of solutions IS determined by arbitrary values of for 0 

that is. by?i arbitoary functions of In particular 

the n sets of solutions Aw. where «, tor « = 1. -, ?? 

determines the set and i the component, determined by the 
initial values (A^lo = are independent since the deter¬ 
minant |A(«) 1 is not identically zero. Moreover, from the 
form of (16.8) it follows that is also a solution, 

where the y's are any functions of OC • n Hence we 
have 

For any conff)iien(e /«’ iliere exist n independent vertot- 
Jields Aw filth lespect to idnch the given congruence is the 
longmcnce of tinnsiei sals of parallelism-, moreover-, the field 

A' — Aw (a — , n) 

possesses the same property, a-hen the ((> s are any solutions oj 
the equation 

1?' = 0 
' 8a:* 

the coordinates a:* heing any uhatever. 

When A'ljj is of rank n — r. the equations 

<15.9) = 0 

are satisfied by j independent covariant vector-fields 
,,(«) (oj _ ^ r)'and the general solution is 

(15.10) V, = 

where the ip's are arbitrary functions of the x's. We say 
that each such field is associate to the given field A*If the 
given field is general, there are r — 1 fields of independent 
vectors given by (15.10) for which Vi A* = 0. and these fields 
are associate to the field A* gp for every g> satisJ^ng (15.2). 
If. however, the field is special each of the fields (15.10) is 
associate to A* q>, whatever be y. 

* By normalizing the field -we have that the i-ank is at most n — I and 
conseg^aently there is at least one associate covariant field. 
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lu like mannei tlie components ix^ of a covariant field can 
be chosen so that the rank of [/M^j is n — r (-» ^ 1 ) Any 
solution of 

!>i'j — 0 


gives the conii>onents of a field of coirtravariant vectors 
ftssoczatp to the given field.^ 

16 . Associate directions. Consider a field of non-parallel 
contravariant vectors of components and a curve C at 
points of which the coordinates £t* are expressed m terms of 
a parameter t A family of contravariant vectors of com¬ 
ponents /t’ IS defined at points of C by the equations 


(16 1 ) 


dx-^ 

dt 






It {x‘ — the vectors are parallel with respect to C. 

AVhen this condition is not satisfied, we say that /«' are 
the components of the associate di'tecUon of wfith respect 
to C. 

If are replaced m (16.1) by where f is any function 
of the aj’s. and ^ * are the components of the associate diiections 
of the latter vectors, we have 

(16.2) .u* == . 


In this way we get a pencil of associate diiections, detennined 
by the given vector and any one of the associate directions. 
Conversely it is possible to choose a function sp such that 
the associate direction of 5 ? A* is a given one of the pencil 
other than the direction 

When the given vector-field has been normalized (§ 15). 
if necessary, and vt are the components of an associate 
covariant vector, we have v* — 0. Hence we have 

For a field of norirparaZlel contravariant vectors the associate 
directions with respect to a curve are pseudo-orthogonal to the 
associate covanant vectors of the field. 

* Misenhart, 1926, 14 
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In particular, if C is not a path of the space and A* are the 
components of the tangent to C, that is, A* = ^ ^ , equations 
(16.1) become 


(16.3) 


dxJ dx _ 

dt^ dt dt 


If we change the parameter t, we get a pencil ot associate 
directions as in (16.2). We note that associate directions 
of a curve are independent ot the tensor /ij/c. 'l''ho associate 
directions of the tangent are evidently’ a geiieialization of 
the pencil determined by the tangent and first curvature normal 
of a curve in a Eiemannian space (cf. § 24). *• 

In a similar manner, if are the components ot any field 
of non-parallel eovariant vectors, the equations 


, dx-^ _ 

define the associate covariant vector of 7.i with respect to 
the curve, unless the vectors Xi are parallel with respect to 
it, that IS, unless ii% = When is replaced by </>/.„ 

where y is an arbitrary function of the x‘’s, we get a pencil 
of associate covariant vectors determined by the given vector 
and any one of them. Moreover, we have 

For a field of non-^cirallel covariant vectoi s the associate 
covanant vectors icith restpect to a cunecoe jisetido-vi thor/onal 
to the associate contrataiiant lectors of the field. 

17 . Determination of a tensor by an ennuple of 
vectors and invariants. Let denote the componentst 
of n linearly independent vectors in a coordinate system a'. 
Then the determinant 

U7.i) = 

* 1926, 1, pp. 60, 72. 

t As formerly the index with parentheses indicates the vector and the 
one without parentheses the component. This convention will be followed 
hereafter, and nnless stated otherwise the indices tahe the value 1, • • •, n 
moreover, the summation convention is used for both sets of indices 
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is not identically zero. We denote by the w* functions 
defined by the equations 


(17.2) = 

as thus defined is the cofactor X\a) in A divided by A. 
In any other coordinate system the functions defined 
by A(^) = are such that 


jrfcc) 
A t 


,(«) dx-f 


dx'‘ 


Consequently Aj®^ are the components of n independent 
covariant vectors. Furthermore, it follows from (17.2) that 


(17.3) 


2(«) _ JiJ 

Aj A(cc) - Oi . 


If we had started with the independent covenant vectors 
At“^, then equations (17 2) serve to define n independent 
contravariant vectors. Owing to the reciprocal character of 
the relations (17.2), we say that either set is conjugate to 
the other, and that the two sets constitute an ennuple. 
It is evident that an orthogonal ennuple of contravariant 
vectors in a Riemannian space* and the associate covanant 
vectors form an ennuple in the above sense. 

If a** are the components of a tensor, then the quantities 


(17.4) 


.A 




V («i) 



are invariants. If these expressions are substituted in the 
right-hand members of the equations 


(17.5) 




Js 



\ 



these equations are identically satisfied because of (17.3). 
Hence we have 


* 1926, 1, pp 14, 40, 96. 
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The components of any t&nsm are ejupressthle tn teims of 
mvaotants and the components of an ejinuple.'^ 

In. particular, we can express sfy in the form 


(17.6) 




where are skew-symmetric in the subscripts. 

We shall apply the preceding results to show that, it 
otjk, is a tensor such that atjkKo) Ka'i = 0 for q, <r and 
r not equal to n, then 

(17.7) Uy7. = 


where «y, ckj are tensors. In fact, if we write a,jk m 
the form (17.5j, that is 

fljy/L = Xj^\ 

we have that 6^<fr = 0. Hence (17.7) follows, where 
= Cna^Xj"^ Xjf^ ai^ so on. 

Any other ennuple Xla), is given b 3 " 


(17.8) Xl„, = a% XU , 'A'’' = Aa XT , 

where the detei nunant ! ] is not identically zero, and the 

a’s and A's are invariants in the relations 


(17.9) 


f 

(t(T -c-lcvr 


- ^tT 


7 


as follows from (17.2). If *L’ are the invariants for the 
tensor rrj* with respect to this ennuple, we have 


(17.10) 



‘ 1 



s 


'V 

rtl 



PS, t 



When for a given coordinate system we take 


(17.11) XU = , 

* Cf. 1926, 1, p. 97 



then 

(17.12) 
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18 THE INVAKIANTS Yi^a OF AN ENNtJPLE 

2 («) _ if' 

as follows from (17.2) or (17.3) For this particular ennuple 
we have from (17 .*>) 

(17.13) aj\ X = 

that is, any component of the tensor in this coordinate 
system is equal to the invariant with the same indices as 
the component. We call the ennuple (17.11) and (17.12) 
the fimdamental ennuple of the given coordinate system. 

i8. The invariants of an ennuple. For a given 
ennuple the invariants y^ a defined 

(18.1) yua = 

are a generalization of the coefficients of rotation of an 
orthogonal ennuple in a Biemannian space, as defined by 
Ricci and Levi-Civita.' 

From (18.1) we have because of (17.3) 

(18.2) Xla) J = y j'o- ^ 

If equations (18.2) be multiplied by and summed for 
fi, the resulting equations are reducible by means of (2.2) to 

(18.3) Lij = - U“> + r.u\ Ar a;„, *;»'. 

Conversely, if we have any ennuple and a set ot invariants 
yf/’a and we define functions Llj by (18 3) and L'hj by 
corresponding equations for any other coordinate system 
a?'*, we find that equations (2.1) are satisfied. Hence we 
have: 

An ennuple of vectors and any set of mvartanis y// a de- 
termtne a connection', and any asymmetric connection is so 
determined^ 

* 1901, 1, p. 148, cf. 1926, 1, p 97. 
t Of. 1927, 1, V 307. 
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When in particular, we take YfjL^a = 0, we have from (18.3) 

(18.4) Lhj — dxJ 

and from (18.2) 

(18.5) 

Consequently the n fields of vectors A(a) are parallel fields 
and hence I^u = 0 (§9). Conversely, if the latter condition 
is satisfied, we can choose n linearly independent vector- 
fields satisfying (18.5) and consequently we have (18.4). 
Hence we have. 

A necessary and sufficient condition that the curvature tensoi 
Ijjki of a manifold with asymmetric connection he s&ro is that 
the coefficients of the connection he ocyressihle in the foim 
(18.4) in terms of an ennuyle. 

From the form of equations ( 2 . 1 ) we have 
If L]k are the coefficients of a connection, so also are 
where dju are the components of an arbitrary tensor. 
As a consequence of this theorem we have that for any 
ennuple the quantities 

( 18 . 6 ) 

are the coefficients of an asymmetric connection. For from 
(18.4) and (3.3) we have 

(18.7) Lij = Liu ^ Llj + 2£i]n. 

For the connection defined by (18.6) we have from (18.3) 

( 18 . 8 ) rA = 

from which it follows that Yf^a is skew-symmetric in y and a. 

Equations (18,7) show that for the connections (18.4) and 

(18.6) to be the same, it is necessary that L\^ be symmetric 
in h and j. In this case equations (18.5) become 
* Of. Wettzmhoek, 1923, 2, p. 319. 
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(18.9) 


18. THE INVAB.IANTS OP AN ENNUPLE 

^a's,j ■=■ 0 . 


where the covariant differentiation is with respect to the I '\. 
Then from (9.6) and (5.3) we have = 0. Conversely’, 
when these- conditions are satisfied, equations (18.9) admit 
n linearly independent fields of vectors parallel with lespect 
to the jT’s. 

From (18.3) it follows that a necessary and sufficient con¬ 
dition that Yii'a be skew-symmetric in the indices /< and o' 
is that 


Llj + Jjju == 



91 («)_i_ j («) 9 ^(^0 ' 

’3.W ' da^ 


This is the symmetric part of either of the coefficients (18.4) 
or (18.6) and consequently satisfies (5 6). In consequence 
of this result and the above theorem ive have* 

A necessary and snffia&nt ccyndition that the tnvai lants Yu a 
he shew-symmeti zc in the tndices y and g that 


(18.10) 







(oti 


9 ■!(« ) 
daf 



xvlieie Slhj is an nxhztraiy tensor slceit-symmet) ic m h and /. 

If we denote by the covariant derivative of X(aj for 

the connection i)/. defined by (12.1), we have 


from which it follows that 








Consequently the mixed tensor 


as 11 ) k ——^[<0 

Th 

is independent of the choice of the vector ^ The same is 
true of the tensor 


4 
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,(«> 1 ‘.(a) -j 5 C/ 1 ) 

^ 1 ft ^ Mfi") I ft • 

If equations (18.11) be multiplied by Afo, and « and h 
bo sumined, we find that the invariants 

(18.12) P'A — 

are independent of the choice of the vector rpt in ( 12 . 1 ). 
Conversely, if we have two asymmetric connections and 
lilc for which the invariants (18.12) are equal for a given 
ennuple, it follows from (18.3) that 

which evidently are of the form (12.1). Hence we have- 
A necessary and sufficient condition that parallelism he the 
same for two different asymmetric connections is that the 
<orresponding invwnants (18.12) ybr a given ennuple he equal 
for these connections 

19 . Geometric properties expressed in terms of the 
invariants In order that the vector-field l\a) of an 

ennuple at pomts of each curve of a congruence Kp) be 
parallel with respect to the curve, it is necessary and 
sufficient that 

■^/S) ^-(«j |j = Q l<co • 

By means of (18.2) these equations are equivalent to 

(r«>—= 0. 

Hence we have 

A nectary and sufficient condition that the vector-field 7' 
of an ennuple he parallel with reject to the curves of a 
congiuence is that 

(19.1) = 0 (y = 1 , . • - , w, V 4; 

As a corollary we have: 



19. GEOMBTKIC FROPBaTlES 


51 


A necessary and sufficient condition that the curves of the 
congruence llay of an ennuple he paths is that 

(19.2) Yo^a = 0* (v = , n, V 4^ a). 

If we use the notation 


(19.3) 


9 / _ 9/ 

Qf - 9 a;*' 

then 

Id 9 

9 9 \ 

dt^ dt^J'' 


\ 9 dt^ 

(19.4) 

_ 9/ 

(A(k) - Kfi) ^ictVt H" 2 A(e) i2^/c) 


- (y/ ce - Yce^ + 2 4 ) -g ^ . 

in consequence of (18 2) and (17.6). These equations are 
generalizations of equations due to Ricci and Levi-Civitai* 
in Biemannian geometry. As an application of these equations 
we seek necessary and sufficient conditions that p of the 
congruences of an ennuple, say (a — , p), generate 

a system of cx)^—p varieties Vp. In this case the equations 

(19.5) = 0 (<r = 1. ..2^) 


must form a complete system. Prom (19.4) we have 

A necessary and sufficient condition that the conqriiences 
Xla) foi a = , p generate a system of 00 varieties Vp 

IS that 

(19.6) V « “ + 2 = 0 

■,p\v=p + l •-..%) 

As a corollary we have 

A necessary and sufficient condition that the> e exist a 
coordinate system such that the curves of the congruences of 

* Of 1926, 1, p. 100. also, Lem/, 1927, 1, p 308. 

11901, ], p. 160: cf. also 1926, 1, p 99 


4* 
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tin emiznjyle hi' coordmctte lines is tJiat equations Cl9*^) hold. 
,foi all distinct values oj' ci, ^ and ' 

e say til at a congruence A* is 'pseit donor >n at to a familj’ 
of Iiypersurfaces J = const., if 




/< 


arr* ■ 


JProm tlie preceding results we have 

-4 necessru 2/ and sii/yicient condition that a coizgi zic'nce 
of' an enmtiile he Qy sen donor mol to a J^amil.t/ q/* lii/jy^'i'sziry'aces 
IS that 

(19.7) —+ ® («,>«= 1. , -l).i- 

These two theoiems for the case of a symmetric coiinection, m wUicli 
case = O, are due to 1927, 1, p. 308. 

-i-Gf 1926, 1, p 115 



CHAPTKli II 
SYMMOETKIC COX>7KCTIO>.S 


Geodesic coordinates. AVlieii a coordiiiatt' '-v.^tein can 
be eh-oseii foi' ’wliicii the coefficients of the connection vanisli 
at a oiven point the vector at uearhv point 

di X*) parallel to a g^iven contiavariant vectoi at lias- 
the same components as at to witlim tei ms of the set ond 
and higher orders., as follows from (7.1). It in erpiatioiis c^-1 ) 
we put iJju ~~ O. "v\ e see that a necessai 3 condition is that the 
coefficients in anv other cooidmate system be symmetric .it 
Tn order to show that this condition is also sufficient. a\ e 
imagine that the space is refeired to a geiieial coordinate 
system and wo consider the transtfumation of coordinati*^ 
defined b.\ 


( 20 . 1 ) 




Ihf 


where */*' are all^ fmictioiis of the such that they and 

tlieir first and second derivatives are ssero when the are 

/:ero Fi om (20 1 ) wo lia^e at 7^ 


(20.2) 


' hct" L 


-- dV. 


( 


a- 7 ' 
3 3 / 





Fi*i>m these expressions and erpiations (5.(i) we have at 


(20.3) 


f/y/:)« - «> 


Fonsequently an^^ coordinate system detinetl 1 >\ (20 1 ) poss«'-.ses 
the ^lesired property. Heni^o wc have 

1F7/07A, ftiifl oizfy fff a pontf fht > f ^ f n* ft * 

jxt'* ni ‘^f/ni7‘n*jtrtr at Iht* *^nljstn t tu^/tf/ tt/rff },i>, * tt}* 

<'f 192t> 1 1) 5G. 
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be cJiosm, with the point as orzgtn, such that the coefficients 
ate zero at the poznt. 

Weyl-^ calls a connection affine, when at every point a 
coordinate system exists for which the components of a vector 
in this coordinate system remain unaltered an infinitesimal 
displacement, to within terms of the second and higher orders, 
but we use the term affine for asymmetric connections as 
well (cf. § 7). 

Any coordinate system for which (20.3) is satisfied has 
been called geodesic by "Weyl. From the foregoing results it 
follows that if the coordinates a?* are geodesic for a point P 
as origin, other geodesic coorduiate systems ivith the same 
origin are defined by 
(20.4) X == <5/ , 

where the V/'s are of the character appearing in (20 1). 

It IS evident that at the origin of a geodesic coordinate 
system fiist covariant derivatives reduce to ordinary derivatives. 
Consequently the use of such a system firequently makes for 
considerable siinphfication in any problem involving first co- 
variant derivatives. Moreover, when the re.sults of such an 
investigation are stated in tensor form, them generality is not 
conditioned by the use of the pailicular coordinate system. 

Symmetric connections are characterized by another propei ty. 
Consider a point and two infinitesimal vectors d\ a* and 

diO?' at P, and denote by Pj. and Pg the points of coordinates. 

and x^-\-d*7‘' respectively 'When the vector d^ 
undergoes a general parallel displacement to P®, its components 
at Pg are d^^d'idx'x^ and the coordinates 

of the point Pgj at the extremity of the vector are 

7 * -f- di'f -j— d\ CL -1- di <7x it * -t“ JjjK dids 

In like manner when the vector d^x' undergoes a parallel 
displacement to Pi. the coordinates of the iioint P,_. at the 
extreinitv of the vector aie 

X + di H- rfg -f di d. / -f- TJj!. <h.fdi 
'1921. 1, p. 112 
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Hence a necessary and sufficient condition that Pia and Pn 
coincide is that Ljk he symmetric m j and Ic, that is, that 
the connection be symmetric."' 

31. The curvature tensor and other fundamental 
tensors. In § 5 it was seen that the quantities 


( 21 . 1 ) 




dr^ 






* jh I g-tfi 

- -r hk — ^ jL I hi 


d 


are the components of a tensor This tensor arises when 
we express the conditions of integrability of equations (5.6). 
In tact, these conditions assume the form 


( 21 . 2 ) 


9a:'^ das'^ ^,s _ 9 a:'* 

9.rJ dx^ Za} ^ vv — 


from which equations the tensor character of is apparent. 
This tensor is a generalization of the Riemannian curvature 
tensor of a Riemanman space and we call it the curvatum 
tensor of the space with symmetric connection. 

From (21.1) it follows that is skew-symmetric in K 
and I, that is, 

(21.3) B]u + 1^jik = 0. 

Also the components satisfy the identities 

(21.4) Blu-\- Bhj-\- Biju = 0. 

This result is readily proved b^’' choosing a geodesic coordinate 
system at a point P. In this case at P all of the Z”s are 
zero and (21 4) can be shown to hold at Pin this coordinate 
system. Since this is a tensor equation it holds -at P in any 
coordinate system. Moreover, as P is any point, it holds 
throughout the space. 

In lik6 manner at a point P in a geodesic coordinate 
system with P origin, we have 

Cf Weyl, 1921, 1. p. 107. Leti-Oo ita, 1925, 6, p 135. 
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J3jU,m. g^W g^ g^„i 

as follows from (21.1) and (6.1). Consequently 

( 21 . 5 ) = 0 . 

Since these are tensor equations, they hold throughout space 
in any coordinate system. They are evidently a generalization 
of the identities of Bianchi for a Biemanuian space, and are 
called the tdenitfies of JBtanc^ii for a symmetric connection * 
In a similar manner the following identities due to Veblent 
can be established- 

BlnVc,j = 0 J 

2 a. Equations of the paths. In § 12 it was shown 
that parallelism throughout a space with symmetric connection 
is uniquely defined, that is, that it is not possible to have 
two symmetric connections with respect to which parallel 
directions along eveiy curve in the space are the same for 
both connections, thus each symmetric connection is a un¬ 
ique affine connection. However, as a corollary of the third 
theorem of § 12 we have 

The paths are the same for two symmetric connections whose 
coefficients are in the relations 

(22.1) rju = rX 4- dj iP,^ + di IP, . 

irhere ip, is an arbitrary covariant vector.% 

The paths are a generalization of the straight lines of 
euclidean space. Accordingly the properties of the space 

* Cf. TehUn, 1922, 6, p 197, Seliouten, 1923 7 
fL. c., p. 197. 

t It IS evident that the results of these two sections apply not only 
to the case of symmetaic connections, but that they apply also to the 
synunetiic parts of any asymmetric connection. 

§ 'Weyl 1921, 2, p. 100; cf. also JSisenJiait, 1922, 2 and Veblen, 1922, 3. 
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which depend upon the paths and not upon a particular affine 
connection of the set (22.1) constitute a projective geometry 
of paths, whereas those depending upon a particular affine 
connection constitute an affine geometry of paths, fn this 
chapter w'-e consider the latter and postpone to the next 
chapter a study of the former. 

If we have a particular path, that is, an integral curve 
ot equations (7.G), then 


( 22 . 2 ) 


<2® a?* I dxJ _ dx* 

dt^ ~dr ~ ^~W' 


where y a, 
parameter s by 

(22.3) 


determinate function of 


= c J"’" 

dt 


t. 


If we define a 


w^here c is an arbitrary constant, equations (22 2) become 


(22 4) 


d- jP , .,i djcJ dsf 

ds^ ds ds 


= 0 . 


''Chus the parameter s for a path, which we call an ofpw^ 
parameter, is the analogue of the arc s of a geode.sic in a 
Kiemannian space.' It is evident from (22.3) or (22 4) that 
if s is any affine parameter, the most general one is given 
i>y as + & where a. and & are arbitrary constants. Furthei- 
more, by means of equations (5.6) we can establish the 
theorem Ccf. § 38)- 

When the com dmates aP undergo a general tmnsjonnation, 
an affine parameter is not altered. 

From the form of equations (22.4) it follow^s that a path 
is uniquelj^ determined by a point Po of coordinates /o and 
a direction at P©. In fact, if we put 



where a subscript zero indicates the value at P©. we have 
from (22.4) 

’■ 1926, 1, p 50 
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5 § 


( 22 . 6 ) 


a- = cr* + §* s — (r^X P -f 


+ 



the coefficients of s® and iiigher powers of s being obtained 
from the equations which result from (22.4) by differentiation 
and reduction by means of (22.4). Thus we have 


cl^ix^ , dx-> d'x)'- d / ^ 

rZs® fis ds ds 

d*a:^ . da-> dod d’x”' 

H- ijum “ 


where 

<'22.7) 



' 8 
dod' 


tjK )7u ^jl ^JJ 

rj%- '2rj\.ni^, 



and in general 

(22.8) r^m “ (^V— 1) 


P before an- expression indicating the sum of terms obtained 
by permuting the subscripts cyclicallj’^ and JV denotes the 
number of subscripts. Hence we have in place of (22.6) 


(22.9) x^=^x^^+ps-- 


The domain of convergence of these seiies depends e\identl 3 ' 
upon the expressions for /)/. and the values of 4 ^. However 
for sufficiently small values of s thcj- define a path, that is 
an integral cun^e of equations (22.4). 

23* Normsd codrdinates. In 20 we saw’ that for 
a given symmetric connection there can be chosen coordinate 

These results tire an immediate g'eneralizatioii of a similar ti’eatmeut 
for geodesics in Hiemanniaii geometry 1926, 1, p 52, cf VcbU^n and 
T. Y Thmxax, 1923i 1, p 560 
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systems for anj' point so that at the point the coefficients 
are zero. In this section we wish to establish the existence 
of a class of coordinate sj'steins possessing this property 
which are a generalization of Rieniannian coordinates in 
a general Eiemannian space.' They were considered first 
hy Veblen,t who has called them nmmal (ooxlinates 

Let C be a path through a point Pq, and s an affine 
parameter of the path which is zero at Po, then the con¬ 
stants are uniquely defined hy (22.5). To each point of C 
we assign coordinates by the equations 

(23.1) 


Since equations (22.9) define the path in the ar’s. between 
the 7'’s and j/’s at points of C we have the relations 


(23.2) --= xl^if -i + 


If we assign coordinates in this manner to^the points on all 
paths through Pq in a domain, such that no two paths meet 
again within it, we have a cooidinate system m the domain 
Moreover, equations (23 2) aye the same for all paths and 
consequently are the equations of the transformation of co¬ 
ordinates, Pq being the origin for the y's. Since the ^acobian 
I 0 

-T—- of these equations is different from zero at Po, the senes 

I 9 2 /*^ 

can be inverted, and w'e have 


(23.3) !/' = + P* (^’ — a-S, • • , ), 

where P* are series in the second and higher powers of 
(xJ — x^) for j = 1, n. Companng (23.2) with (20.1) we 
See that the 2 ^’s are a particular type of geodesic coordinates, 
we call them normal coordinates. 

From the definition of the y’% it follows that (23.1) are 
the equations in finite form in the y’s of the paths through Po- 

* 1926, 1, p. 53 

11922, 5, p. 193, also VebUn and T. "Y. Thonuzs, 1923, 1, pp. 562—566. 
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Consequently the equations of the paths through the origin 
of a normal coordinate system have the same form in these 
coordinates as the equations of straight lines in euclidean 
space in cartesian coordinates. 

If we denote by C]y, the coefficients of the coimection in 
the y%, the equations of the paths in this coordinate system 
are 


(23.4) 


(Is 


'>_ju i_ />* ^21'^ ^ 

,1 fig (to 


(Is 


0 


Since these must be satisfied by (23.1), we must have 

(23.5) CJl 0, 

and on multiplication by s'^ 

(23.6) CJk if / -= 0. 

which equations hold thioughout the domain. Conversely, if 
these conditions are satisfied, equations (23.4) are satisfied 
by (23.1) and consequently the y’s are normal coordinates. 

When we apply to (23.4) considerations similar to those 
applied to (22.4) which led to (22.9), we obtain 

7 

U 

(23.7) 


where <'j^ are defined by eipiations of the form (22.8). 
Since these expressions must be ('quivalent to (23.1), we 
must have 

(23.8) (Cj%)o =- 0 

<ind 

(2.3.9) C6';^ = 0 

for all values of j>. Equations (23.8) follow also from (23.5). 
since the ^’s are arbitrary. 

From (23.8) also it follows that normal coordinates are 
a pai-ticular class of geodesic coordinates (§ 20). 


s's— I (cAio f f (cXih f f - 


1 


^,1 0 .^ 1 ) ^ 




3! 

'S-Jp ..P 



33 NORMAL COORDINATES 


61 


If instead of a general coordinate system x'- we take anj" 
other coordinate system a?'* and proceed as above and denote 
by y'^ the normal coordinates thus obtained, we have in place 
of (23.1) 

. n _ l dx'\ 

I ds )o^ 

for the equations of the paths. Since 
(23.10) 

where the a’s are constants, we have 


ldx'^\ __ 

/dx'" 

dx^\ 

\ ds Jo 

\ dx'j 

ds Jo 


a; P, 


(23.11) y'^^a]y\ 

Hence we have 

When the coordinates x'- of a space aie subjected to an 
arbitrary analytic transformation, the normal coordinates 
determined by the x’s and a point xmderyo a linear homo¬ 
geneous transformation with constant coefficients. 

From the definition (23.10) of the a’s it follows that when 
a transformation (23.11) of the normal coordinates is given, 
correspondmg analytic transformations of the a?’s exist but 
are not uniquely defined. 

From the form of (23.11) it follows that normal coordinates 
are fundamental in the affine geometry in the neighborhood 
of a point. 

If we differentiate equation (23.6) with respect to s along 
any path, make use of (23.1) and multiply the resulting 
equation by s, w’e obtain 

(23.12) Cjuiy^ if y ^ 
where 

(23.13) 


P indicating the sum of terms obtained by permuting j, 7i> 
and I cyclically. Proceeding with (23.12) as was done with 
(23.6), we get a sequence of identities of the form 
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(23.14) ('I j,y‘' y' 0. 

where 

(23.16) C- ,, = ’ 

As thus defined the C’s aie sj’uimetnc in the subscripts and 
they are the functions in the normal coordinates for which 
the corresponding functions in the a^’s are given by (22.8). 
From (23.13) and (23.15) we obtain 

, _ 2 ! d^Cjl \ 


S indicating the sum of the six terms obtained by the per¬ 
mutations of the subscripts, y, k, I, m, which do not yield 
equivalent terms. In general, we have 


(23 16) Cj\ 


V'(r—i)'*^' 


-2 ^,3 


dy 


*^3 


dy 


r) 


in this ease S indicates the sum of r(r —1)/2 different teims. 

If are a system of normal coordinates with a point i-* 

as origin and y'^ are the normal coordinates correspondmg 

to the y's with the point P', of coordinates dif, as origin. 

we have fi'om (23.2) 

3 _ 1 3 I 1 tj fK 

y = (ly J^y —Cjlc y y 

('23.17) 

1 ^>3 fj flz ll 1 

--^Cjuy-'i/' 2 / + 

w^here and so forth are the values of the coiTesponding 
P’s for the y'& at P'. Because of (23.8) vre have 





9 ^ dy”^j 0 


dy^ dy”^ H--. 


Curvature of a curve. Let C be any curve in 
a Vnt not a path, the coordinates sc* being expressed in terms 
of a general parameter t. The equations 
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(24.1) 


< 2 “a* , dx-> da^ _ - , 

dfs -rJ->jk -jj- — ft 


define a contravariant vector /u*. If we change the parameter ty 
we get in general a new vector, which is of the pencil 

determined by ,u* and - ^ ^ -. We single out one of these 

vectors by choosing for the parameter an affine parameter s 
of the path tangent to <7 at a given point and Ave choose s 
so that s = 0 at P. Accordingly we Avrite 

d^cK^ , dx-> da’' _ ^ 

ds^ ~dr ~dT ~ ' 


Avhich in fact are equivalent to 


<'24.2) 


d^sd ^ dx-> dad^ _ , 

ds ds ~ 


that is, the A'ector /w* is not affected by the choice of the 
tensor /ij* Since s is determined to within a constant factor 
(§ 22), the same is true of jtt*. 

If we take for the a’s a set of normal coordinates vnth 
origin at JP, these equations reduce to 


(24.3) 


ds^ 


= 


These equations are an evident generalization of those in 
euclidean three-space which define the first curvature vector 
of the curve at JP. Accordingly we call defined by ('24.2) 
in general coordinates thejfJrs^ curvature vector of the curve at P 
From (.24.3) we have for C 

(24.4) ds* = s + •, 

and the equations of the path tangent to <7 at P are 
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Consequently the values of at P determine the departure 
ot the curve from the path at a point near P. 

It IS readily shown that 

I7ie surface formed hy the paths through a point of a tm te 
in the pencil of directions determined hy the tangent and first 
cunature vectoi to the curve at the point oscidates the cinie 
as. Extension of the theorem of Fermi to symmetric 
connections. The folloAving theorem was proved for Rie- 
mannian connections Permit and in this section is estab¬ 
lished for symmetric connections 

For a spaic ivith a sgmmeft ir, connection it is possible to 
(hoose a coordinate system itith respeit to which the coeffiaeut'- 
r'ji^ cue zero at all points of a airte, or of a portion of it. 

Suppose that the curve C is defined by x' = tf^t) and 
that at a point Po of it we take n—1 independent vector^ 
JlU) for a — 1. u — 1, which also are independent ot 
the tangent to the curve, that is, at Po the determinant 




1 

a) 




7 ? 

( 1 ) 


(25.1) A 


If • 





is different from zero, primes indicating differentation with 
respect to i. From these vectors ive obtain n — 1 families 
of vectors by parallel displacement along C. It follows 
from continuitj'’ considerations that there is a portion P of 
C about Po for which 4 rji 0. At Po the components of any 
vector depending upon the giA’en n — 1 vectors are of the form 

(26.2) (« = 1 , .. , w —1 ). 


If this vector undergoes parallel displacement along C, we 
get a family of vectors whose components at each point are 
' Of. 1926, 1, p 62- 

11922, 7, the method followed is on adaptation of a proof of the 
theorem for Biemannian connectiotis given by Levi-Civtta, 1926, 4. 
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given by (25.2) in whicb the ^4’s remain constant. Since 
any point can be taken as the components of any vector 
at any point in the {n —l)-fold of vectors at the point can 
be expressed in the form (25.2) 

If we put 

(20.3) A(n) = fify y “h (i) 

and express the condition that the functions >l<„) are a so¬ 
lution of (7.1), we have 

(25.4) 9' + Kay = 0, 

where are defined by (24.1). In the region i2 functions 
a(<) and a“(<) can be determined such that 

(25.5) = ajp* -}-a“ 1(a), 

since ^ 0, ana tne functions f and are determined hy the 
quadratures 

(25.6) f= /“ == — 

where the c’s are constants If in particular the given curve 
is a path a‘' — O for a = 1, • , n—1. 

Consider at any point P of C the (n — l)-fold of vectors 
defined by (25.2) and the paths of the space through P in 
these directions. The locus of these paths is a V„—i. The 
equations ot any one of these paths are 

(25.7) a.* = 5 P* (f) j 4.“ 1(a) s ^ l(a) 4^1(^) s®-}-- •, 

where t is the value at P of the parameter along C, 
ai'e evaluated at P and s, the affine parameter of the pat\, 

d tx^ z 

is chosen (§ 22) so that at P we have • 

•A. new set of coordinates y* is assigned to each point of C 
by means of equations 


= V^(<), 


6 
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where the are any continuous functions of t. In like 
manner along each path through P we associate coordinates 
if- with each point by means of the equations 

(25.8) y" = + 

where the A’s are the constants in (25.2) which determine 
the direction of the path at P; thus s = 0 at P. We 
assume that + 0, so that the last of (25.8) can be written 


(25.9) 




We eliminate the J.’s from (25.7) by means of (^5.8) and 
replace t by its expression (25.9). This gives equations of 
the form 


(25.10) 


ce = P*(2/«) + A?a) — 


where the -JL’s, tjj's and (/)&) are functions of ?/". If this 
process is followed out at each point and for each direction, 
we have coordinates associated with every point of the 
family of I’s as defined, and equations (25.10) are of the 
same form for all the points. At points of C, that is where 
the Jacobian of (25.10) is reducible to 6 A or Al^', 
where A is given by (25.1). Hence for a domain of the 
space in the neighborhood of the portion P of the curve for 
which J + 0, equations (25.10) define a transformation of 
coordinates. _ 

If we denote by ’J^a) the components in the 2/’s of the 
vectors X\ah we have at points of C, by means of (25.10)., 


3* — P 


Tn IdF^ 


Qyj A«> ;i(^) + V) ( dy” 

When these equations are written in the form 

(i(^) — ^«) + ^a) (y* — Afi) ) == 0 , 




dxpfi 


)• 
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we have that 

(25.11) 1(a) = 


In order that 

components 

(25.12) 


a tamily of vectors 

l(n) 


Xln) may have the 


in the 2 /’s, it is necessary that 


^(n) 


^(n) 


dx^ 

dyJ 


_ 9 it-* _ f ,, 

— — (SP ~ 




Comparing this result with (25.3), (25 4) and (25.6). we see 
that, if in the above definition of the y'& we take 


tfj”-' — 


f 




xCLt 


(fjn' 


where the f’s are g^iven by (25.6), then the components in 
the y'& of the vectors (25.3) will have the values (25.12), 
and will be parallel along the curve because of (25.6). 
From (25 10) we have at points of C 


a a;* 
9r 


J 

Mcc) , 


dy^dy^ 


jlc) Mc') 


-h 




, . dxJ doc^ 

a?/“ dy^- 


Hence from equations of the form (5.6), we have in the y's 


(25.13) = 0 («, ^ = 1, ., n — 1, ^ = ij. 7j). 


Since by hypothesis the vectors of components (25.11) and 
(25.12) are parallel along C, we have 




dy^ 
d t 


= 0. 


If ^ = 1, n — 1, we have in consequence of (2^.13) and 
+ 0, that / «n = 0. and then for j == n that = O. 
Consequentlv we have established the theorem. 
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We observe that only the first three terms of (25.10) have 
entered in the above discussion. Consequently, any expressions 
differing from (25.10) in terms of the third and higher orders 
of ( 2 ^ — define transformations of the desired type. 

26 . Normal tensors. Because of the conditions (23.8), 
when the functions Cjk are developed in powers of the y's, 
we have 


c! 


(26.1) 


’jk — 




where 

(26.2) 


.^jkl, z, == (• 




Qy 


1 - 


dy 


r)- 


From the equations of transformation (23.2) we have 


(26.3) 



In consequence of the first set of these equations it follows 
that, if at the origin the numbers (26.2) are taken as the 
components of a tensor m the y’s, the components of the 
same tensor in the a;’s have the same values. 

If we take any other coordinate system a;'* and the corre¬ 
sponding normal coordinates y''’ with the same origin as above, 
we have a new' set of constants defined by 


(26.4) 



i. 


/ \ 

\ 9 ... 9 Jo 


We will shoiv that the .4.’s and A'^s are the components of 
the same tensor in the j/’s and y'‘s respectively, and also in 
the 3 "*s and a;'’s respectivelv. From (23.11) it follows that 


(26.5) 


y 

dyJ 


a ’■ 


0 V' 


dyJ 92 ^= 


0 . 
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Consequently the functions Cjk and Cj\ satisfy the relations 
£cf. (5.6)] 

(26 6^ ct ^^ _ c'j 

(26.6) du^ ~ dv^ dij^ ' 


Since a* in (26.5) are constants, we hare from (26.6) by 
differentiation 



d^Cjl 

dy'" 



(26.7) 

... 92/'- 

32/“ 

9 2/''^ 9 

92/"'* 




9 2/** 

9 2/*" 

At the 

origin of the 

two sets of normal coordinates 


(26 8) 

(""'*) = 

\ dx^ lo 

Idx" dy'^ 32/“ \ _ 

' 9 9 2/^ dx^ ^0 

ft 

dy 

dyJ ' 



in consequence of (26.3) and similar equations. Consequently 
at the origin we have from (26.2), (26 4), (26.7) and (26 8) 




dx'^ _ n dajy 3a:"', 

3£ c “ ~ ^xJ Qxh 


dx° 

dx^ 


Hence if at each point in space we obtain the numbers 
and A'^pya^ by the processes (26 2) and (26.4), 
these are the components in the ar’s and x''s of a tensor. 
Being defined at each point of space, the .4.’s and J.'’s may 
be regarded as functions of the a;’s and a:'’s In fact, we 
shall show presently what the functional forms of certain 
of them are. Following Veblen and T. Y. Thomas, who 
have developed this theory, we call them normal tensors. 

If we differentiate the equations 


(26.9) 


93!^ . 9^35* , I 3a/* Sa-J' 

9y“ “ dyJ dt^ 


* 1923, 1, p 567. 



70 


II. SYMMETHIC CONNECTIONS 


with respect to ^ and make use of (26.3), we have at the 
origin 


('26.10) 


A]u = 



Since any point may be taken as the origin, equations (26.10^ 
define throughout space. If we differentiate (26.9) with 
respect to ^ and and proceed as above, we obtain 


AjJOm - 


(26.11) 


9® rjjc d Fjh 9 Fjiic 


9 

daf^ 


9 r^k j^h 

^Jl — 


9 Fjk i^h 


r*^ •r\fl I aJ^ I 

hk^ jVm 1“ ^ fmt "T ■* hi 

4- rl, {rjji no. 



By continuing this process the components of a normal tensor 
of any order can be obtained. 

From equations (26.2) it follows that the components Ajki^ 
are symmetric in j and k and in the last » indices. In con¬ 
sequence of (23.6) we have that, if Ql as given by (26.1) 
is multiplied by y‘> ^ and j and Ic are summed, each term 
on the right must be zero, that is 


( 26 . 12 ) PUm, 0 = 0 , 

where P indicates the sum of all the terms obtained bj 
permuting the indices. However, because of the above ob¬ 
servation concerning symmetry, this equation can be replaced by 

( 26 . 13 ) 5 '( 4 w ^ 0 = 0 , 

where 8 indicates the sum of the (»•+l)(r +2)/2 terms 
obtained by the permutations of the subscripts which do not 
yield equivalent terms. Thus for r = 1 and r — 2 we have 
respectively 

(26.14) A)ki + Ahj +A^a= 0, 

(26.15) ^jklm ^jlmk "4" -^jmkl A.fcljm “4" A.fcfnjl -J- A-imjk 0 . 
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Because ot (23.9) the functions Cj\ . as defined by (23.15). 
are expressible as power senes in u's of the form 


(26.16) Cj* jr'ii U 9 -"loi *• 


where because of (23.16) and (26.2) 

dy^ ... dy‘ 

V. O- 


4 . 


(26.17) 


I f. \ aj/i... 8,/Wo 


the functions being components of a normal tensor 

and S indicating the sum of r(r—1)/2 different terms obtained 
by the permutation of the indices Ji, -'.j. From these 
results it follows that are components of a tensor 

in the ay’s, symmetric in the subscnpts , jr and in the 

subscripts Zi, •••, 4. When we apply to (26.16) reasoning 
similar to that which led to, (26.12) fi-om (26.1), w'e have 


(26.18) 0 = 0. 

giving identities connecting the components of these tensors. 

Since r]ici, as defined by (22.7), are symmetric in h and I, 
it follows from (5 4) and (26 10) that 

(26.19) B]u — J^jik — 

The identities421.3) foDow directly from this result, and (21.4) 
because the JL’s are symmetric in the first two indices. From 
(26.14) and (26.19) we have 

(26.20) 4^ = ^ (2 B]vc + Bhj) = ^ (B^ + Bhj ). 


From (26.19) by eovariant differentiation we obtain 

= A^lk,tn — 
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In normal coordinates we have because of (26.10) and (26.17) 


Consequently we have 

(26.21) -Ajlkm -^jklm 

in any coordinate system. 

In like manner we obtain 

^ ^ ^ 7h ft 

"h - -Ajkl) 

+ (.^5da .^AZfc) + - -^Ih) 

+ {A^Mi -.Ijftfc) . 


By this method we are able to express any co variant derivative 
of the curvature tensor in terms of normal tensors.* 

37 . Extensions of a tensor. In this section we define 
a process of obtaining tensors of higher order by differentiation, 
suggested by the method of obtaining normal tensors. 

Consider a tensor of components and in 

•^1 Js Ji Ja 

general coordinates x* and £c'^ and let **■ and 

*^1 Ja 

denote the components of this tensor m the normal coordinates 
y* and y'*, corresponding to x^ and a;'* respectively, for the 
same or^in I*, Accordingly we have 


*>■ — A “r 

Si- J. ~ W A 9j,“i 


dy'^' 
d y^- 9 


dy^" 
dy'-'‘ ■ 


Since the quantities 


dy'" 

dy“ 


and 


9j^ 

9y'* 


are constants (§ 23), we 


have from the preceding equations on differentiating with 
respect to 


* For fnxther developineats coacemins: normal tensors see Veblen an^ 
2*. Y. Thomas, 1923, 1, pp. 573-580. 
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__ Pi p» 

(27.1) 9 2/^* • -9 2/^^ 

9 2/''^ _ 9/' 9y^» _ 

92/“" *’ 9/-^« 

If we put 

(27.2) '">• =1_) 

.^1 A;'i r;. Vay'* ..ay'^/o 


9 2/^^ 
9//'*=^ ' 


and similarly for the i'‘s then at P in consequence of (27.1) 
and (26 8), we have 



dx”’ daP"‘’ 

d x"" ' 0 ’ 


Hence at P the numbers so defined are the components of 
a tensor m the coordinate systems x* and a;'*. Since P is 
any point, we have thus at every point the components oi 
a tensor in the two coordinate systems, and thus the T’s 
and P's of (27.^) are functions of the x’s and x*'‘s. as in 
the case of the normal tensors. Following Veblen and 
T. Y. Thomas* we call them extenstcnis of the pfh orde%, 
when there are additional subscripts as indicated in (27.2), 
From (27.2) it is seen that an extension is symmetric m the 
subscripts indicating differentiation, whereas this is not the 
case for covariant derivatives. 

When p = 1. the right-hand member of (27.2) is equal 
to the first covariant derivative of Z’ at P and con- 

Pi Pa 

sequently the left-hand member is the first covanant derivative 
of in the x’s, evaluated at P. However, when j? > 1. 

the ^th extension is not equal to the _pth covariant derivative, 
since the second and higher CQvariant derivatives involve 
derivatives of the coefficients Ca/i which are not zero at P. 

1928, 1, p 572. We use a different notation in that a comma followed 
by p subscripts indicates the ^th covanant denrative and a semi-colon 
followed by p subscripts the pih. extension. 
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In order to obtain an expression for the second extension 
of we observe that at P the second covariant 

Pi A ^ 

derivative of is given by [cf. (6.1)] 


9, 


dr 

p,,Yi 


ftSA “r -L r 

^ Vi A , ’v Vi • 


:i • 0V-i‘r“i+i 


dy^dy^ 




1 , .3 

A-1 A+i 


A' 


8 2/' 


9 2/^’ 


in the aj’s at P 


(27.3) 


«r 




■/Si /s.,r^ 


1, .a 

— ^ 

J 


of § 26 

we have 


Or A CCi 

A 


CCr 

Ay . 

A—i'^A+1 

A 


where the J.’s are normal tensors. Since P is any point, 
we have thus the general relation connecting covariant 
derivatives and extensions of the second order. Evidently 
this* process may be extended to any order. In general, the 
difference between a jjth covaiiant derivative and an extension 
of the jpth order is expressible linearly in covariant derivatives 
of orders ^ — 2, p — 3, —, 1 and the tensor itself, the coeffi¬ 
cients being normal tensors covariant of orders 3, 4, • • vl>+l 
respectively.* 

The form of these expressions is not so important as the 
fact that there exist tensors whose components reduce to 
the derivatives alone at the origin of normal coordinates, as 
in (27.2). Moreover, we remark that both the covariant 
derivatives and the extensions are generalizations of ordinary 
derivatives in euclidean space referred to cartesian coordinates, 
since both expressions reduce to ordinary derivatives in this case. 

a8. The equivalence of sjrmmetric connections. 
The question of whether a set of functions of coOrdi- 

* Gf. Villen and T. Y. Thomas, L e., for a muuber of examples. 
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nates a* and a set rjl of coordinates x'’’ define the same 
^.ymmetric connection reduces to the problem of detennining 
whether the equations 


(28.1) 


dx'^dx'r^ "" dx'r ~ ac,'* 


admit a solution sc* == y* (sc'^, • , sc'”), such that the jacobiau 

of the sp’s is not zero. The conditions of integrabihty of 
these equations are (cf. § 21) 


(28.2) 


B 


pyd <*c’ 


= B 


Ow ^ts, 


■where we have put 
(28.3) 


asc'" 


z< 


t 

«• 


When equations (28,2) are differentiated with respect to 
the resulting equations are reducible hy means of (28.1) to 


(28.4) 








ti ^ 


Continuing this process, w^e obtain the infinite sequence ot 
equations 

-r\fCC t _ rji j wt, 

(28«o) . 


By means ot (28.3) equations (28.1) can be written a"- 


r>ra ^ J k 

-T/A. «/■ 


These equations and (28.3) constitute a system of the form 
(8.1), such that the quantities and the n quantities a* 
are the functions 6", the x''s being the independent 
variable.**, consequently M = n^-\-n. The equations (28.2). 
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(28.4) and (28.5) are in this case the sets F^, F^, • • of § 8. 
Accordingly we have 

A necessary and sufficxent .condtUon that two symmetric 
connections of coefficients and Tjk he equivalent is that 
there exist a positive integer N such that all sets of solutions 
of the equations of the first N sets of equations (28.2), (28 4) 
and (28.5) satisfy the (A'+1)^A set of these equations, if the 
number of independent equations of the first Nsets w ®+n —j; 
(p ^ 0), the solution involves p arbitrary constants 

From the considerations of § 8 it follows that, if the 
equations (28.2), (28.4) and (28.5) are consistent, then 

+ We shall show that N and p are numerical 
invariants for a connected manifold. In fact, denote by 
F' (««, sd, as'^) the N sets of equations of the theorem in 
consequence of which the (W + l)th set is satisfied and let 

od — spI (a;'^, • • •, »'”), w« = 

OX 

be a solution of the problem. Let a;'* = • • , a?"") 

define a transformation to a third set of variables a?"* 
From these we have the equations 

(28.6) ad — SP 2 • • •, a:"”) 

defining the relations connecting the aj’s and a;"’s. If we 
form the equations analogous to (28.2), (28.4) and (28 5) for 
the transformation (28.6) and denote by F" (file, ad, as"*) the N 
sets of these equations in the as’s and as"’s, it follows that 
these equations are satisfied by as*, given by (28.6) and 

ufi = Ua j, ■ and that the (iV'+l)th set also is satisfied.- 

O X 

Moreover, the Wth set of these equations is not a consequence 
of the others; for, if it were, then by reversing the process 
we would have that the Wth set of the original group is a, 
consequence of its predecessors in the sequence. 

By the same argument it follows that the number n^-\-n — p 
is an invariant for the manifold. Hence we have: 
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The ‘mvnvmwm posittve integers N and p which enter in the 
determination of whether two given symmetric c/mnections are 
equivalent are numerical invariants for the manifold* 

We say that a system of invariants is complex, when these 
invariants for two symmetric connections are sufficient to 
determine whether the two connections are equivalent. Prom 
the above results it follows that at most n^-\- n-{-l of the 
tensors B]m, • • •, ... constitute a complete 

system of invariants for an affinely connected manifold; we 
have also that there exists a TniniTmim positive integer N 
such that 1 of the above tensors form a complete system. 
In consequence of the results of § 26 we have that 1 
of the sets of normal tensors m,, • • • form 

a complete system also. 

Christoffelt considered the problem of determining the 
necessary and sufficient conditions that two sets of functions 
gtj and of a;® and respectively be the components of 
the same tensor. The first condition is 

(28 7) g’ccfi = 'J'v • 

When these equations are differentiated with respect to the 
resulting equations are eqmvalent to (1.5). These are of the 
form (28 1) and their conditions of integrabihty are given 
by (28.2), (28.4) and (28.5), where now the B's, are the 
components of the Piemanman curvature tensor. Equations 
(28.7) are of the kind referred to in the latter paii; of § 8 
as forming a set of conditions Fq. In this case, however, 
on differentiating (28.7), the resulting equations are satisfied 
because of (1.5), so that equations (28.2) are the set Pi and 
BO on. Accordingly the solution of the problem reduces to 
the consistency of (28.7), (28.2), (28.4) and (28.5) after the 
manner of the theorem of § 8, as Chnstoffel proved. 

* Of T. y Thomas and A JD. Michdl, 1927, 8. 

11869, 1, p. 60 
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For two asymmetric connections equations (2.1) reduce to 

(28.1) and 

(28.8) Uy = ii'^yH'r. 

Consequently in considering the question of equivalence ot 
two such connections, equations (28 8 ) constitute the set Fq 
of § 8 . Then the set consists of equations (28.2) and 

(28.9) iiy Wa? = ’ 

and each other set F, consists of the set in (28.4) or (28.5) 
involving the rth covariant derivatives of the J?’s and the 
equations of the form (28 9) involving the i-tli covanant 
derivatives of the i2’s. With this understanding the above 
theorem applies to this case. 

29 . Riemanniati spaces Flat spaces. When a space 
is Riemannian and g^j are the components of the fundamental 
tensor, the Christoffel symbols of the second kind are the 
coefficients of a symmetric connection, as seen in § 1 . In 
this case the following equations are satisfied identically 

(29.1) Qfij (Jth ijk = 0, 


where the -T's are the Christoffel symbols of the second kind. 

Conversely, if equations (29.1) tor a given set of /’’s 
admit a solution gij(j.j = 1 . n), then we have 


(29.2) 


fhk,j + ffjk,% Qtj ,& 


dxJ 9 7 * 


ft = 0, 


from which it follows that the /’’s are the Christoffel symbols 
of the second kind formed with respect to the g’s (ef. § 1 ). 
Consequently a necessary and sufficient condition that a space 
with an assigned symmetric connection be Riemannian is 
that equations (29.1) admit a solution. 
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From (6.4) we have that the conditioiis of integrahility of 
equations (29.1) are 

(29.3) ^iu, 
which are reducible by means of (29.1) to 

(29.4) {Jih ffhj J^Xi = 0. 

If these equations are not satisfied identically, that is, if 
we do not have BXi = 0, the solutions of these equations 
must satisfy (29.1). Differentiating (29.4) covanantly with 
respect to and expressing the condition that r29.1) be 
satisfied, we have 

(29.5') fjih m ffhj - 0. 

Proceeding in this manner, we get the sequence of equations 

= 0 , 

ni, 9 , 


ffih Bju, + f/Jij 7c7 

(29 (>) 

tH7H ^ + f/f,j JB’iu 


Because of the I'esults of § 8 we have 

necessary and stifficient tondiUon that equations (29.1) 
fidmi^ a solution is that there exist a positvie integei JV such 
that the Jhst N sets of the equations (29 4), (29.5) and (29.6) 
admit a comjilele system of r (^1) sets of solutions ahich 
satisfy also Hie {N-\-l)th set, then the complete system can 
he chosen so that the functions g,j of each set satisfy (29.1) 
Since equations (29 4). (29.5) and (29 6) are tensor equations, 
it follows that the numbers N and r, defined m the theorem, 
are invariant numbers for the connection. 

If r = 1 and g^j is a solution of the JV sets of equations 
but not a solution of (29.1), then there exists a function g> 
such that the quantities e~^ fij satisfy equations of the form 

(29.1) . If the determinant is not zero, from equations 

(29.2) wo have 
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(29.7) r£ — + y. 1 — 9,—s^ 9>,.). 

where is defined by 

(29.8) 'Q^Joc = 

and are Christoffel symbols of the second kind formed 

with respect to the ^’s. Consequently w'hen the /”s are 
expressible in the form (29.7), the space is Riemannian.* 
In terms of equations (29.1) become 

<'29.9) gtj,k = 

"When r>l and the solutions are for a = 1, —, r, 
then 

< 29 - 10 ) 3 ^ = 

where the A’s are arbitrary constants, is a solution. In 
general the .4’s can be chosen so that the determinant l^r^/l 
is not zero. When this solution g^ is taken as the fundamental 
tensor of the Eiemannian space, the tensor Bju becomes the 
Biemannian curvature tensor -Rjfcj. For this space the other 
r — 1 sets of solutions are tensors whose first covariant 
derivatives are zero. Hence we have the theorem 

A necessary and sufficient condttion that there exist for 
a Biemannian space p (^1) tensors a^, other than the funda¬ 
mental tensor g ^, such that thetr first covarzant derivatives he 
zero, is that there exist a positive integer N, such that the first 
N sets of equations (29.4), (29.5) and (29.6), in which B)u is 
the Biemannian tensor Bjja, admit a complete set of solutions, 
Syi ivhich also satisfy the iN-\-l)th set of the 

e^uationsA 

A space with a symmetric connection is said to be flat, 
or plame, if the curvature tensor iBjja is zero. In this case 
equations (29.1) are completely integrable. Hence we have: 

* Of. Etsenhari aad Veblen, 1922, 4, pp. 22, 23; also Veblen and T. T 
Thomas, 1923, 1, pp. 590, 591. 

fOf. Mwenhart, 1923, 3; also, ietiy, 1926, 5. 
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A flat ^pace ts necesscuily a Mtemanman space 

iFrom the last theorem of § 9 it follows that a prefeired 
coordinate system exists for a flat space such that the co- 
efflcients for this coordinate system are everywhere zero 
In this coordinate system the solutions of equations (29.1) 
are constants. Consequently the preferred coordinates are 
geneialized cartesian coordinates * 

30 . Symmetric connections of WeyL We consider 
the symmetric connections for which there exists a vector ff'i 
and a symmetric tensor g,j such that 

(30 1) = 0, 

and the determinant q is not zero. We remark that it follows 
from (29.9) that if yj, is a gradient the space is Riemanniaii. 
We assume that qh. is not a gradient. 

If we substitute in (30 1) the expressions (5.9) foi theT’s, 
we obtain 

From these equations we obtain 

(30.2) (ijh — + 50—iO'-yS 

where 

(30.3) c/ = cfj. 

Consequently the coefficients of the connection are 

(30.4) 7’jfc == j- + 6/ qi, + dfc qj - gjk q \ 

Symmetric connections of this kind have been proposed bj’ 
Weylf as the basis of a combined theory of gravitation and 
electro-dynamics. From the remarks at the beginning of this 
section we observe that in a sense it is an immediate 
generalization of a Eiemanman geometry. 

If we put 

<30.5) gtj = ^^gy, = sp*— 

* Cf 1926, 1, p. 84. 
tl921, 1, pp 125, 296. 
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where 6 is an arbitrary function of the tt’s, we have that 
and y* also furnish a solution of (30.1), wuen and 
<P^ do. We may speak of two Weyl geometries whose 
fundamental quantities are in the relations (30.5) as conformat 
to one another. Weyl refers to the effect of changing e 
as a change of gauge. 

When we express the conditions of integrability of equations 
(30.1), we have in consequence of (6.4) 

(30.6) giij jBSm + gih (SPs, i — spz,s) = 0. 

Multiplying by y'J and -summing for i and j, we have 

(30.7) Bhu = n — 9>k.i) = n -)• 

In § 5 it was seen that for any manifold Blki is the curl of a 
covariant vector which is detennined to within an additive 
arbitrary gradient. In consequence of (30.7) we may consider 

' 1 

flifc in (30.1) as a definite function of the a?’s namely — au. 

n 

where Uk is a vector whose curl is equal to Blm [cf. (5.10)]. 
Hence equations (30.1) are of the form (8.1). 

By means of (30.7) equations (30.6) may be written in the 
form 

(30.8) igr;y J^ia + gtn, ^jia = 0. 
where 

^ TyJ 

- JtftJU Of, . 

n 

Equations (30.8) constitute the set Fj for the theorem of § 8, 
and the sets JFs, Fs. — ^re obtained from (29.5) and (29.6) 
on replacing the J5’s by B’s; we call them (30.8)' and (30.8)" 
respectively. Hence we have by means of § 8: 

A necessary and mfjicn,ent eondttion that equations (30.1) 
admzt a solution is that g>k he a vector suck that Baa ^s the 
curl of the vector n,g>^ and that there eanst a jposthve %nteger 
N such that the first N sets of equations (30.8), (30.8)' and 
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(30.8) (idfn/it, o. completB system of 1) sets of solutions 
which satisfy cdscf the (JN -f- l^th set; the/n. the complete system 
can he chosen so that the Junctions y^j of each system satisfy 
equations (SO.!). 

When r = 1, we must add the further condition + O, 
in order that a given connection he that of Weyl. When 
r > 1, ordinarily by a suitable choice of the constants A in 
equations of the form (29.10) we can obtain a solution 
for which \gy\ ={= 0 and thus have a Weyl geometry. When 
more than one such solution exist, not conformal to one 
another, we have several geometries of Weyl, which have 
the same symmetric connection, and consequently the same 
paths. 

As in § 29 we have that N and r are invariantive 
numbers of Weyl connections. 

31 . Homogeneous first integrals of the equations 
of the paths. If each integral of the equations of the 
paths (22.4) satisfies the condition 


(31.1) 


(Xr^ 


“ ds ds 


dx 

—— = const , 
ds 


the equations (22.4) are said to admit a homogeneous first 
integral of the wth degree. From the form of (31.1) it is 
seen that there is no loss of generality in assuming that 
the tensor Or, r„ is symmetric in all subscripts. If we differ¬ 
entiate (31.1) covariantly with respect to of, multiply by 

, sum for 7c and make use of the equations of the paths 
written in the form 


(31.2) 


dof / dx^ \ _ 

ds \ds),k 


we obtain 


(31.3) 


Or, 


dx^ 

ds 


dx”^ dof 
ds ds 


Since this equation must be satisfied identically (otherwise 
we should have all the solutions of (22.4) satisifying a differ¬ 
ential equation of the first order), we must have 


6 * 
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(31.4) 

where P indicates the sum of + 1 terms obtained per¬ 
muting the subscripts cyclically. Conversely, if equations 
(31.4) are satisfied, equations (31.3) are and the left-hand 
member of (31.1) is constant along any path. (Cf. § 43). 

In particular, if the integral is of the first degree, that is, 

d 

Ut —:,— = const.. 
as 

the conditions (31.4) are 

= 0 . 

The question of linear first integrals is considered in § 44. 

We consider the case when the equations of the paths 
admit a quadratic integral, namdiy 

(ai.5) — const 

In this case the conditions (31.4) are 

(31.6) gv,k-\- gjk,z-\- giaj = O. 

From § 29 it is seen that Hiemannian spaces are a sub-class 
of spaces with symmetric connection for which a homogeneous 
quadratic integral exists. 

From (31.6) we have 

(31.7) gy,iei~\- gici.,ji = 0. 

Interchanging Tc and I, we have 

(31.8) g■^}, lie -j- gji, He + git,jk ' = 0. 

If we subtract from the sum of these two equations the sum 
-of the two equations obtained by interchanging i and A; and 
y and Tc in (31.7), the resulting equation is reducible by 
means of (6.4), (21.3) and (21.4) to 

(31.9) g%),M 9ki,y = gtcj Bm -h gut —gta Bjoc—gjeu 
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If Ic and I are interchanged and this equation is subtracted 
from (31.9), the resulting equation is satisfied because of 
(6.4). Thus we are unable to solve equations of the fonn 
(31.7) for each of the quantities g,jM, However, if (3L.7) 
be differentiated covanantly, we obtain equations which can 
be solved for gijjum and then the further conditions of in- 
tegrability can be obtained with the aid of (6.4), and the 
determination of w'hether a given space admits one or more 
quadratic integrals is reducible to an algebraic problem 
somewhat after the manner of § 29, as has been shown by 
Veblen and T. Y. Thomas.* Instead of developing this 
question further we consider the problem of determining 
symmetric connections for which there is a given quadratic 
integi'al, such that the determmant g is not zero. 

With the aid of the tensor g,j we write the /’’s in the 
form (5.9), then 

/«. ““ CljlCt • 

where 
(31 10) 

we remark that aj^, is symmetric in ^ and A, as folloivs from 
(5.9). Hence the conditions (31.6) become 

(31.11) Ojy/. + -t" 07.»j = 0 

3t Ctjk any tensor symmetric in / and j and we put 

(31.12) ^ ^ jht- 

the condition (31.11) is satisfied. Hence if we have any 
tensor Ci,iz symmetiic iii i and j, and define a]ie by (31.10) 
and (31.12), then the syinnietnc connection given bj’" (5.9) 
is such that the equations of the paths admit the first 
integral (31.5). 

Conversely, if (31.5) is satisfied for a given connection 
and consequentlv n,,L are given the tensor is not uniquely* 
defined bj' (31.12). In fact from (.31.11) it follows that 

1923 1, pp 5S)9-60S 
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= o and consequently c^t.% are arbitrary. When two of 
the indices are the same, we have from (31.11) and (31-12> 

_ 1 _ 

- C^J^ - CI%IJ - <^nj% • 

Consequently either one of these e’s can be chosen arbitrarily 
and the other is then determined; hence there are niri —1) 
arbitrary choices. When all of the indices are different 
and have g-iven values, there are two independent equations 
(31.12) for the determinination of the c’s with these same 
indices. Consequently any one may be taken arbitrarily and 
the others are uniquely determined. Hence we have: 

A, tefnsoT gij ybr g ^ O cuThd cl tensoT symmetric 

in i and j deterrmne a symmetrzc connection fonr zjuh,iclx the 
eqzLCotzons of the jpaths admzt the first integral (31.5), con-^ 
z?ezselyy zf a geometry of paths zs gzven zuJzose egn^atzons adrrnt 
a first zniegraly n{n-\- 1) {ri +2)/6 cf the components are 
arhzirary and the others are nmgztely determzned 
* Cf -JBl%aer,hart^ 19^4, 2, p 384 
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33 - Projective clusinge ot a.f!fixie connection. Ttie 
W'eyl tensor- In § 22 it was sliown tliat tlie paths are 
the same for two s^^mmetnc connections whose coefficients 
are in the relations 

(32.1) = rx -h <35 + die , 

where an arbitrary covari^t vector. AV^e say that the 

affine connection of coefficients rfjc is obtained from that with 
the coefficients r'Jjc hy a j;}9-ojectitye cliaTrige of the connection. 
If we write the equations of the paths in the foi*m 


(32.2) 


—4 doc-» 

-dT = 


analogous to (22.-4), we have from these equations and (32.1) 
that ^ IS given as a function of s along* any path by 


(32,3) 




tSf. eZje^ 


ds . 


Eor -^e expressions JTJk the components of the curvature 
tensor JBjki, analogous to (21.1), are reducible to 


(32.4) 
where 

(32.5) 


^Jlcl 


^jfci H- dj (jtpHK — v^A.0 + y^ji n 


y^jTc = — y*j 

Contracting for ^ and I and for ^ and ive hai e (cf. § 5) 
(32.6) J^jH = -]r n yfju — 


H—-— i^y^hZ' 


= dia + 


w + 1 

/S^A, 

Qy^z 

2 

\ 9cc* 
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In § 5 it was shown that /Sy is the skew-symmetric part 
of Btj and that it is the curl of a vector ai/2. Consequently’ 
if we choose 

(32.8) ^ic = — (afc + 9 ^ ) , 

w’here <r is an arbitrary function of the st’s, we have = 0. 
Hence we have 

By a suitable prelective change of the affine connection the 
tensor By for the neto connection is symmetric and the tensor 
Byfc IS a zero tensor.'^ 

From (32,7) we have also 

When the tensor B,j is symmetric, a necessary and snffieient 
condition that the fensot Btjfor a pirojertive thange of connection 
be symmetric is that if), he a giadient. 

From equations (32 6) and (32.7) we have 


(32.9) 

Vo*— 



V'*/ = 


2 

w-f- 1 


iB,u-Li, ^ 



(^jk — fijh)- 


(fijk -. 


When these expressions are substituted in (32.4), the lattei 
are reducible to 

Wjh = Wjui. 

Avhere 

Wjid = Bjki -f " A./ + Li,/ — 6} Jijt) 

(32.10) 

+ ~~a-j' ^Jk — <^1 fijl)’ 


Hence the tensor lljl* is independent of the vector ifJi, that 
ib. it is unaltered by a projective change of affine connection. 
It was discovered by Weylt, and was called by^ him the 
pi ojecticf'cnriature tensoi. We shall call it the Weyl iensoi 

■* EUsetthai-i, 1922. 2. p. 23<j 
T 1921, 2. p. 101. 
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Since 

(32.11) — = 

equations (32.10) can be written m the form 

WXi BXi + —(Bia — BiO 

(32.12) , 

+ ~ ■ 

Ill consequence of the identities (21.3) and (21.4) we hare 
the identities 

(32.13) ir/u+w^k =0, 

(32.14) TF;w+ W^j+ = 0. 

Also from (32.10) we have by contraction 

(32.15) Wia = Wj)a = 0 

It we ditterentiate (32.10) covanantly with respect to the 
/ s and make use of the identities (21.5), we obtain 

Wjmk.l 

- w Bjfn,,l) ~1“ ^l(.Bjni,Te Bjh,m) 

~1“ (Bjic,i J5ji,fe)] 

+ —a ' -'Y [3 a l fijl, wO + 3| (/5 jA, „t k) 

+ - ^jk,l)] 

(.’ontractnig tor / and m, we have in consequence of (32.15), 
132.16) 

An invariant, such as the Weyl tensor, which is unaltered 
by any projective change of the affine connection is called 
a pi ojecttve mvarumt. By processes analogous to those used 
in § 18 we establish the theorem: 
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and are the components of any ennuple, the tensors 

-;2. H“ "_/ /(«)/-A, H^,h) 

and the znvartants 

V >'_ ^ - (i^‘' y « JL- $1’ Y a 

• p- e n-\-l ^ ' « er “ ff ' a W 

aie projective invariants.^ 

A tensor which is not a projective invariant may, however, 
be invariant under certain projective changes of the connection. 
Thus from (32.4) and (32.5) we derive the theorem 

A necessai y and sufjicient condition that the cia vature tensor 
he imattei ed hy the ijrojective change defined hy a vector ipz is 
that the latta sntisj^y the condition 

(32.17) = 0 


This IS cdso a netesscny and sufficient condition that the 
tensor By is invariant wider the change.^ 

Equations (32.17) can be written in the form 


where 

(32.18) 


i^l = 0. 
dxJ y 


r: 




9 d>j + d'l)- 


Hence the space with the affine connection defined by JTy admits 
a field of parallel covariant vectors ipz (§ 11). Consequentlj* 
the problem of the theorem and that of spaces admitting 
fields of parallel covanant vectors are equivalent. 

Similarly from (32.5) and (32.6) we have- 
A necessary and sujficient condition that the symmetric part 
of the tensoi By be unaltered by the pi'ojective change defined 
by a lecto) is that 

(32.19) d•^,J+ = O.J 


Ot T Y- Thomas, 1925, 10, p. 319, also Levy, 1927, 1, p 310, 
f CL Schouten, 1925, 6, p. 453, also, rL M. Thomas, 1926, 8, p 62 
- CL *7. M, 77iowas, 1926, 8, p. 62. 



AFFINE NORMAL COORDINATES 


91 


For the affine connection defined by (32,18) equations (32.19) 
become 


•/'m 4-= 0 


that IS, the equations of the patlis admit the linear first 
integral = const., whei'e & is defined b 5 ’’ an equation 

of the form (32.3) (cf. § 43). 

Also no have fi’oin (32.7) 

.1 ucfes^anj and 'tufficiaat cunddton that tJie skeu-symmet} ti 
ptn t qf th<i Unisoi lJ,j, and tonseqnently the ienso7' be 

iinnlined by f7/c jii? c change defined by a veciot '^p^ ts 

that d>t be the qradicnt oj an arbzt) at y famfion. 

The second theorem in this section is a corollary of the 
above theorem 

33 . Affine normal coardinates under a projective 
change of connection- If we denote by tf and y'* the 
affine normal coordinates corresiionding to the same coordinate 
s\stem for two connections in the relation (32.1), the 
equations of the paths tlu'ough the origin P in these coordinate 
systems aie given by (23.1) and 



Since a projective change of connection leaves each path 
individually invaiiaiit, it follows from the above equations 
of the paths that along each path y” is proportional to //’. 
Moreover, throughout the domain under consideration y'‘ is 
a function of the y'n. Consequently these functions must be 
of the form 


(33.1) 


y 



where f(y) is a function of the ys i-egulai in the neighbor¬ 
hood of the origin and not vanishing at the origin. Similarly 
we have 




y 


( 33 . 2 ) 
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where/' is of similar character and/(i(r) -/' ( 2 /') — 1, because 
of (33.1) an(i_(33.2). 

If Cju and Cyft are the respective coefficients of connection 
in the y’s, we have 

(33.3) Cjk — Cjk -f- V'j > 


where tpj are the components in the y’s of the vector defining’ 
the projective change. If Cjk are the coefficients in the y''& 
of the second connection, we have from equations of the 
form (5.6) 


(33.4) 


(■ 


02/ 


9 /^ dy'^ 


+ cjk 




dy 




9/'\ 9y'^ 

9^) 9/ • 


Since the ?/'’s are normal coordinates, we have C'^y'^ y'^ = 0 
(i? 23). In consequence of (33.4) these become 


(33.5) 



9 ^/“ \ dyi 
dyJ dy’^j Qy'fi 


d y^ 



y'^ = 0. 


From (33.2) we have 




dy' 

and from (33.1) 
9/“ 


dy' 

//s y 


K 

f 


fJ / 

72 


9/' 'P\ 


9/ 




y“—), 

^ 9//’ 




d^y 
dyJ 

Since the equation /' 


^ /*L ^ dyJ^dyJdy^y ^ f \dy^^) j’ 


9/' 


9y' 


//j y ^ = 0 does not admit a solution 


regular at the origin and not vanishing there, and since 
C^y^y^ = 0, the equations (33.5) are reducible to 

C3S.6) = 
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Since V'fc assumed to be regular at P, we put 
== 'bica 4- ^ 6fcv 2/* 2/J + • *, 

f = \^a^y^ + ~ayy^y■^-\- 

where without loss of generality the «’s are symmetric in 
the indices and the 6’s in all but the first. Substituting in 

(33.6) , we find that at = —hto and that the other a’s are 
uniquely determined. Thus when t/'fc are given, the function f 
IS determined. 

There is also the converse problem of giving f and finding 
the i/>’s from (33.6). We consider in particular the case when 

(33.7) f=l+aty\ 


where the a’s are constants, so that the transformation (33.1) 
IS linear fractional. Now equation (33.6) reduces to 


(33.8) 


2 /* + 


l + aty^ 


= 0 . 


Although this equation gives the condition on the xp’h in 
the 2 /’s, we are interested in finding their components in a 
general coordinate system so that we may have a means 
to knowing when the case (33 7) is possible. To this end 
we differentiate this equation with respect to multiply 
by and sum for then from the resulting equation and 
(33.8) we eliminate aty'^. This gives 


(33.9) 



= 0 , 


which because of the relation C]ky> = 0 and (23.1) can 
be written thus 


ds ds 




= 0 . 


In the genetal coordinate system a;* corresponding to the y’s 
this equation is 
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da} 
ds ds 


(^k.i—^k‘tpi) = 0, 


where V'* the components in the x’s of the vector i/'* in 
the y’s. If this condition is to be satisfied at each point 
in space, it is necessary that 


(33.10) i+tpi,k — 2ipjf'tpi = 0. 

Since this is a tensor equation, if it holds in one coordinate 
system, it holds in all. Conversely, if there exists a vector 
satis^ng (33.10) for a given space, and we choose a normal 
coordinate system y* with a given point P for origin, equation 
(33.9) holds at P. If we put 

(33.11) = 0, 

differentiate with respect to multiply by and sum for 7, 
we have in consequence of (33.9) 

y*' V^k (2/^ V'i +1) + ^ 

By means of (33.11) this is reducible to 

(33.12) 

If the function is regular at P, then y* = 1 at P and 
the integral of (33.12) satisfying this condition is f— 1 +«* jy*. 
From these results and the fifth theorem of § 32 we have 
2n order that the affine normal coordinate at every point 
undergo a linear fractional transformation when the affine 
connection undergoes a projective change, it is necesary and 
svfjwient that the symmetric part of the tensor S,j he unaltered 
hy the projective change.^ 

34 . Projectively flat spaces. We may interpret the 
results' of § 32 as giving spaces with corresponding paths. 

* The question of this type of projective chaug^e was raised by Yehlen, 
1925, 7, p. 131, and the theorem was established, in a different manner, 
by J". M. Thomas, 1926, 8, p. 62. 
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Weyl hats called a space Vn ;pt'ojectively fiat when lt^> paths 
have the same equations as the paths of a flat space Vn (§ 29'). 
This is equivalent to saying that for Vn there exists a" pre¬ 
ferred coordinate system in terms of which the finite equations 
of the paths_are linear. 

Since for Vn we have 

(34.1) = 0. jj„ --■= 0. 0. 

it is evident that a necessary condition that a space be pro- 
jectively flat is that the Weyl tensor be zero. TV'e shall 
show that this condition is also sufficient, when n>2 
From the first of equations (32.9) we have 

(34.2> lp^,J = rpj — —^ + - stsi 

The conditions of integrability of these equations, namely 

Jh- hj ^ijU 

are reducible, by means of (32.11) and the expression for 
Bju obtained by equating to zero the right-hand member 
of (32.10). to 

(34.3) A7c,j) = 0. 

From (32.16) it follows that these equations are a consequence 
of the vanishing ot the "Weyl tensor, when n > 2, as was 
to be proved. 

"When M = 2. we have, because of the identities (21.3). 

J5n = .Blis, Bx 2 = J3i21. .^21 = Bzilj Bs2 - Bs21‘ 

Hence from (32.12) we find 

The Weyl tensor vanishes ‘identically ivhen n == 2. 
Accordingly we have the following theorem of TVeyl t 

■^1921, 2, p 104. 

11921, 2, p. 105. 
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.4 necessary and sufficient condition that a space Vn imtli 
an affine connection be prqjeetively fiat is that the Weyl tensot 
vanish when « > 2 and that equations (34.3) he satisficed when 
n = 2. 

From (32.1) it follows that, if a space Vn is protectively 
flat and as* are cartesian coordinates in the projectively related 
flat space, the coefficients of the affine connection in F» are 
given by 

(34.4) r/* = — (dj xpk + 4 ipj ). 


Conversely, the most general protectively flat space is ob¬ 
tained by taking the F’s in the form (34.4), where ipj is an 
arbitrary vector. 

When the expressions (34.4) are substituted in the equations 
of the paths (22.4), the latter can be integrated in the form 


(34.5) 




the integral dc^ being taken along a path, which result 
IS in keeping with the remark at the beginning of the section. 

From (34.2) it follows that a necessary and sufficient con¬ 
dition that Yn be a projectively flat space for which the 
tensor is symmetric is that xpj in (34.4) be a gradient. 

If we replace in (34.4) by , the components of the 
curvature tensor are expressible in the fonn 


(34.6) ^ = e-^ (c 


9as* da^ 


d^e'i' 

dx^ 


Contracting for h and we have 
(34.7) = 

From these equations we have 


(34.8) -f id) Bik — Sl = 0. 

TV X 
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The left-hand member of this equation is the expression for 
ll'jjA when B,j is symmetric, as follows from (32.10) 

We consider now the question of determining the Riemannian 
jirojectively flat spaces, that is, spaces whose geodesics can 
be put into correspondence with the straight lines of a flat 
sjiace. In this case 2?y are sjunmetric and are in fact liij, 
the components of the Ricci tensor. For n > 2 we have 
equations (34.8), winch are equivalent to 

(34.9) Bh%jK - (^hj I??/. -I^y) • 

When in (34.9) we put h = t, we And that 

(34 10) -Kj; — ^^ 0(1 )i) Qij, 

wheie Ko is the factor of proportionality thus obtained. Hy 
reason of (34.10) equations (34.9) are reducible to 

(34 11) Bhtj'k —— -Ao (<7foj {/iK </iiX 9ij) ‘ 

Consequently V,, for w > 2 is a space of constant Riemannian 
curvatuie ^ 0 .+ 

When n — 2, it follows from the definition of i?y that 

Bii, _ 1^12 _ -A 22 _ -Ajiia 

gix q 

Since -Kills/.(7 IS the Gaussian curvature JTo of the surface, 
it follows that (34.10) holds also when n — 2. When we 
apply the conditions (34.3) to (34.10), we find that ATo is 
a constant. Hence we have 

A necesswty and svfficieiif (ondttion that a Btemanman 
space he ptojecitvely flat is that zts Btemanman curvatuie he 
constant.% 

From (34.10) we have for all values of n, Ity,K = 0. 
Conversely, if we have 
* 1926, 1 , p 21 . 

tl926, 1, p. 83 
t Weyl, 1921, 2, p. 110 
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(34.12) -Bv — 


. 9 ^ defined by (34.10), where Ko is an arbitrary constant is 
such that Hence we have- 

A. necesssctry and sxifjici&n.t condition that a jprojectively fiat 
space he Si&manman ts that (34.12) he satisfied. 

In the coSrdinate system for which R,j takes the form 
(34.7) we have from (34.10) 


(34.13) 


1 

K. Saf Sa:-i ■ 


d t// 

From this expression and (34.4) in which ih, = - --■ it follows 
that the conditions ytj,u — 0 are reducible to 

= 0 

9as* Zx'* 9as* 

Consequently 

(34.14) = Oy as* asJ + 2 it-* + c. 


where the a’s, h’s and c are constants, 

35 . Coefficients of a projective connection. From 
equations (32.1) we have 

(35.1) r^% = r4 + (« +1) Jpic, 


from which and (32.1) we find that the quantities 

(35.2) njk = + 

are independent of a projective change of affine connection. 
We call the co^^ftctents of a projective connection. 

In order to find the relations between the functions 77 ^* 
and the analogous functions in a coordinate system x'^ 
we remark that from equations of the form ( 5 . 6 ) we have 


(35.3) r* = 

* Of. T. Y Thomas. 1925, 2, p. 200. 


9 logd 
dx-^ * 
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where A is the jaeobian of the transformation, that is. 

^ n ' 

07 


(S6A) 


A = 1 


i d/J * 


Then fi'om (35.2) and analogous expression for and 

from (5.6) and (35.3) we obtain 


__ r/’> J ' _ ' o tj 

di*dj-> 9 /-^*' 9 7 * 


(35.5) 


« /C' ^ 

0 7 o 6 


o / • 


d7'^ 5 

0 / 


Avheie for the sake of bievity we ha>e put 


_ dO 

0 7-^ b I 


(35.6) 


.y+r 108-1 • 


When we express the conditions ot integrability of equations 
(35.5), we obtain 


(35.7) 

jjh _ ../a Q 9/'^ 

'^>'"'9/'" 9/* d,'> 

> fd 

—d!* 

9 

where 



(35.8) 

,,h. _ 9 nil _ 9 //y 1 1, 

9 / J 9 T* ' JJjj 

— nlj nh 

and 



(35.9) 

j.h 9 0 .90 90 

' o "o g\h r 9,i 3,/ 

0 

n / * 9 / -^ 

(?ontractiug (35.7) for h and k, we have 

(35.10) 

1 / , 

^ r-. /J' 

Of 0 f ^ 

_j ( 

d 3 / ^ 

whei e 

by definition 


^35.11) 

// - 



When the expiessions (35.10) are substituted in (35.7 
we have 

9/-^* 9/''* 9/'^ 9^'" 
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where 

(35.12) ^ (.^j Uzk— i7y). 

From (35.8) and (35.2) we have 

(35.13) = JB^k+ j '- (2 d? fijk —d^ + dj'' A^fc), 

where hy definition 

4 _ ^I'n rh r^r i ^ rh 


and from (35.13) 
f35.14) = By 


n-\-l 


(w — 1) 


When these expressions are substituted in (35.12), it is found 
that so defined are the components of the Weyl tensor 
(32.10).* 

Substituting the expression (35.10) for Cy in (35.9), we obtain 


dx^dxJ ' da^ n — 1 9cc* dxJ^' 


8 ® fi—® I 

(35.15) , . - ■ = ni 


9e-» e- 


Expressing the condition of integrability of these equations, 
we obtain 

(35.16) n,. = /r.,, ^ ^ + (1 -„) wu -II. 

where 


(35.17) Hyjc = 


033 * 


+ nl Ui^—nlu Hij. 


36 . The equivalence of projective connections. If 
we put 


(36.1) 


033 ' 




033* 


M, 


'i > 


8 e 

0 3!* 


SPi, 


• Cf J.M Thomas, 1925, 3, p. 208 
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equations (35.5) and (35.15; become 

-J-^T = 9^ + 9j, 


(36.2) 


9 91 
d x-> 


— 9z9j-\- 91 + ' — ^Pr “P • 


These equations together with the functional relation (35.6) 
must admit a solution for given expressions of Ujk and JZj* in 
the aj’s and cc^’s respectively, if the two projective connections 
so defined are to be equivalent. From the preceding resplts 
It follows that the conditions of integrability of these 
equations are 
(36.3) 


(36,4) 


< < 

= Kfr < + (1 - «) WJ;, y,. 


If we denote by the cofactor of in the jacobian | u\ | 
divided by the jacobian, we have from (35.6) 


de 


1 


u 


w + 1 “ -3 a:J ’ 


which is satisfied identically because of (36.1) and (36.2). 

If we differentiate equations (36.3) with respect to 3 }, the 
lesulting equations are reducible by means of (36.2) and 
(36.3) to 


-f ur Ku ’ 


where W^ku denotes the prcgecttve dertvaUie of W^k, that is, 
the covariant derivative with respect to the /Zj*, we remark 
that the projective derivative of a tensor is not in general 
a tensor. In this notation equations (35.17) maj’ be wi'itten 
in the form 

(36.6) . 

We observe from (35.12) and (32.10) that IFj% is of the 
same form in /Zjk as it is in /)*, when the tensor is 
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symmetric. Since (32.16) follows formally from (32.10), we 
have from (35.12) and. (36.6) 

(36.7) Wlki — 

If we multiply (36.5) by and sum for a and I, we obtain 

Km +- 2) K-c ‘‘KW “i" “»• 

When »i>2, these equations are reducible by means of (36.7) 
to (36.4). Consequently in applying the results of § 8 we denote 
by Fi equations (36.3) and proceed with these equations to 
get the sequence jFs, Fz, . • • of denved sets. Hence we have 

A necessary and sufficient condition that two j^rojectwe con¬ 
nections for »> 2 he equivalent is that '^here exist a positive 
integer N, such that equations (35.6) and the sets of equations 
Fx, • *, Fs are compatible in 6, x'^ and y* as functions 

of the of Sf and that the (F -f- l)f^ set is satisfied in ccynseqtience 
of the preceding ones* 

When n = 2, TTy* vanishes identically (§ 34). The above 
theorem applies to this case with the understanding that the 
sets Fi, JV consist of (36.4) and the derived equations. 

As in § 28 it can be shown that F is an invariantive 
number for all manifolds with the same projective connection, 
and likewise p, where (w + 1 )®—is the number of inde¬ 
pendent equations in the sets .Fo, • • Fx. 

When »> 2, the Weyl tensor and its first. • • , A’^th 
(N < (» +1)®) projective derivatives form a complete system 
of projective invariants (§ 28) for the manifold. When n ■= 2, 
the functions JTyfc and their first, —, A^'th (A’’ ^ 9) projective 
derivatives form a complete system. 

Another interpretation can be given to the preceding results. 
Thus let ljf}h be the coefficients of projective connection of 
a manifold Vn in coordinates of- and similarly JTjfc in any 
other coordinate system a;'*, the equal^ioim of the trans¬ 
formation being 

(36.8) a/* = gp* (a?^, . • 

* CL Vebleii and Jl M. Thomas^ 1926, 6, pp. 288, 290. 
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We consider an associated manifold of coordinates 

• , 7” and in the r’s define -a set of functions 
in “Vn+x bj- 


(36.9) 




n\r 


sp _ 

-* 0 ^^ = 


1 jtty 

— 


sfi y'O _ 1- 

— 


_ JT 

1 — 


where greek indices take the values 0. 1. .n and latin 
1, n. For the transformation in defined by (36.S) 

and 


(36.10; 


— /°-4- log J. 


where 4 is given by (35.4), we find that the coefficients (36.9) 
and similar expressions in the ^'’s satisfj' the relations 


(36.11) 


Za-'e \ 8 .rr ^ g^/j g / • 


Ill tact, when a, $.y take the values 1. . equations 

(36.11) reduce to (35.5), when or / = 0. the equations 
are satisfied identicalli’, and when a — 0, and and y take 
values 1 to n, the equations reduce to (35.15). Thus the 
problem of equivalence of projective connections is leducible 
to a restricted problem for affine connections, as shown by 
T. Y. Thomas.t 

In order to consider the problem more fully from this point 
of view, we denote by the curvature tensor foimed 

with respect to the /”s. In consequence of (.35.12) and 
(35.17) we have 

== Whi, 'B°ik = 


and that all Ifiie other ’^B's vanish identically. It we take 
the functions so defined and apply the reasonmg of § 28 
equations of the form (28.2) (interchanging a's and si 
become 

(36.12) Wm UK 4- ifo = n? 

JL 


tl926. 10. 
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(36.13) — Jlpgr'^ U%'Ui, 

(36.14) — 0, njiaUQt^Ur — 0, 


whej*e one or more of the indices q, a, % is 0 . 

For the relations (36.8) and (36.10) between the coordinates, 
equations (36.12) and (36.13) reduce to (36.3) and (36.4) 
respectively, and (36.14) are satisfied identically. 

37 . Normal affine connection. If for a given affine 
connection and a given coordinate system we choose for the 
components of a projective change the values —/m/(w+ 1 ), 
It follows from (35.1) that the coefficients of the new connection 
satisfy the conditions = 0. We call this uniquely 
determined connection the normal affine connection for the 
given coordinate system.* Hence we have: 

Among all the affine connections with the same protective 
connection there is a unigiie 'normal affine connection for any 
coordinate system. 

From (5.8) it follows that By is symmetric for a normal 
connection. Conversely, if By is symmetric for an affine 
connection, we have from (5.8) in any coordinate system 


(37.1) 

If we put 


8/t 

dof 8 x-' 


85 ? 

8 ^ 


^ hi 'j 


these equations are completely integrable in consequence of 

(37.1) . When we define a coordinate system a;'* by the 
equations 

(37.2) ^ = 37“ (a = 2, —, m), 

we have for the jacobian of the transformation 


A 


dx'* 

&xJ 


== e^. 


* This definition is equivalent to that adopted by Cartan, 1924, 3. 
p. 223, as pointed out by J". M. Thomas, 1926, 3, p 664. 
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Consequently 

9 log J _ 0 </. _ 7 , 

dyJ " dj-> 

and from (35.3) we obtain = 0. Hence we have 

A. necessary and sufficient condtUon that there exist for a 
giieu affine connection a coordinate system a® uith respect to 
ninth the connection is normal, that is 

(37.3) rlj = 0, 

is that the tensoi JE},j be symmettic.^' 

Furthermore we have from (35.3) 

The normal affine connection foi' a given coordinate system 
IS the normal connection for all coordinate systems obtained 
fom the given one by transformations of constant jacobian 
and only for these 

When equations (37.3) hold, we have from (35.2) for the 
normal connection 

(37.4) Hjtc = r]k. 

Then from (35.8) we have = J^jk and from (35.14) 
n,j — Btj. Hence the equations (35.12) become 

(37.5) = Blk + Brk—6k B.j) . 

Since this is the form which (32.10) assumes for a space 
when By is symmetric, we have thus another proof that the 
tensor defined by (35.12) is the Weyl tensor. 

The first theorem of this section is a corollary of the 
theorem • 

Each of the affine connections with a given projective con¬ 
nection IS uniqaely determined by the values of Fy. 

In fact, from (35.2) it is seen that the coefficients of 
a projective connection must satisfy the conditions 

(37.6) zr* = 0. 

* Of. CartoM, 1924, 3, p. 225 and J. M. Thomas, 1^, 3, p. 666. 
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From (36.2) it is seen also that when are given, ai*e 
uniquely determined, and furthermore that the corresponding 
functions Fy are equal to the given values of these fvmctions. 

38 . Projective parameters of a path. When the ex¬ 
pressions for jTw are obtained from equations of the form 
(35.2) and substituted in the equations of the paths (7.6), 
the latter become 

dx-> (d^ac^ I \ 

(~dW ~dT 

(38.1) 


dt 




+ n{, 


dt^ 


dt dt 


djd \ 
~dt ] 


0 . 


Consequently along any path we have 


(38.2) 


d^ I , dad*' da^ 
dt^ 



where V' is a determinate function of f. If w'e define 
a parameter to within an additive constant, bj^ the equation 


(38.3) 






where a is an arbitraiy constant, equations (38.2) become 


(38.4) 


I dad* 

dp* ^ 'dp dp 


= 0. 


From the form of these equations it follows that the para¬ 
meter p is not altered by a change of projective connection. 
It has been called a protective parameter of the path by 
T. Y, Thomas who established its existence.* 

From equations (38.2) and (22.2) we have for a path m 
consequence of ( 35 . 2 ) 


^ = SP — 


_ 2 dxJ 

w-M 'y dt ' 


Consequently by means of (38.3) and ( 22 . 3 ) we find the 
following relation between projective and affine parameters 
of a path; 

* 19S5, 2 , p. 200; cf. also Fe&len and J. M. Thomae, 1926, 4, p. 205 
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<38.5) 




where & is an arbitrary constant; in the integi-al on the 
right it is understood that the a;’s are expressed in terms of s. 

If we make use of equations (35.3) and denote by p' the 
psframeter defined by (38.5) for a coordinate system t'“ we 
obtain the relation 


(38 6) 


dp 

dp' 


h 

2 ’ 


where 6 is a constant. Consequently when we speak of 
a projective parameter it is associated with a particulai' 
coordinate system;* in this respect it is different from the 
affine pai'ameter s (§22). 

From the form of equations (38.5) and the results of § 37 
we have* 

A pr<yectzve parametey p for a coordinate system sc? is an 
affine parameter of the paths foi the not'mal connection fen 
the dfs. 

When tpjt m (32.1) are the components of the gradient of 
a function tp, equation (32.3) becomes 





In consequence of the results at the close of § 37 the above 
results are consistent with equation (38.6). 

39 . Coefficients of a projective connection as tensors. 
It is seen from equations (5.6) that the coefficients of an affine 
connection are components of a tensor for affine transformations 
of coordinates, that is, 

ac'* = + 

where the a’s and 6’s are constant, and only for such trans¬ 
formations. 

* Cf. T. T- Thomas, 1925, 2, p. 201. 
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We seek the t 3 rpes of transformation for which, the co¬ 
efficients of a projective connection are components of a tensor^ 
From (35.5) it follows that in this case we must have 


(39.1) 


dx^ dxJ 


dx' de dx' de 

dx^ dx^ 8£C* dx-^ 


Expressing the conditions of integrability of these equations, 
we hare 


80 d e ^ 
daf dx-fj 


d^e 

8a^ 8x^ 


which, since they must hold for a = l, . w, are equivalent to 

8^6 _ 8^ 8 6 _ 

8 x^ 8 x-> 8 x^ 8 x-^ 



/ 

8 e 

8xJ 

Ua;* 8s^ 

8 a?* 


= 0 , 


The integral of these equations is 

(39.2) e~® = an 3^'^ -j- k, 

where h and the a’s are arbitrary constants. When tbig 
expression is substituted in (39.1), the resulting equations 
can be written in the form 


of which the first integral is 


= 0 , 


{ok as* + h) + a, a;'® = , 

where the c’s are arbitrary constants. Integrating again, 
we have 

(89.3) x'“ = , 

an x^-^h 

the d s being arbitrary constants. The jacobian of thi« 
transformation is 
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(39.4) 


9^ 

5 


_^_ 

(fih. /•'" + 


h rn 


(1-, 


fi. 




st= 


c 


n 

n 


This, result is in keeping with (39.2) and (35.6), when it 
is obseived that in (35 6) A may be replaced by c J. where c 
IS ain constant without altering (35.5). Hence w'e have 
T]ic coejjicienis of a 2 ^^QJeehie iomiection are comitonenis 
of a te7isor utule) Imeay ft actional tranf’mmntions of the 
(oordmates and xindet these alone.'C 

If there exists a coordinate sj'stem for a given space toi 
which the coefficients of the pro]ective connection J7 Ja, are 
zero, the space is piojectively flat, as follow's fiom (35.12). 
Converselv w'heu the coordinate sj>'stem of a projectively flat 
space is such that the /"s aie given by (34.4). then JIjl — 0. 
Hence w'e have- 

.4 nccessai xj axid •^ajjicient conditzon that a space admit a 
COO) dmate system fox xxlnch its toeffitiejxis of piofcctne con¬ 
nection axe zexo is that it he projectively flat 

When the coordinate system is such that Tljj, = 0. the 
most general transformation of coordinates such that = 0 
IS any which satisfies equations (39.1). Hence we have 
When the cooi dinate system of a ptojettuehj fiat space is 
such that the coefficients of the pi'ojectiie connection arezeto. 
the most genei al transformation of cooi dinates presex'i ing this 
property is hneai fractioncd. 

From (38.4) it follows that in these coordinate systems 
the equations of the paths are 


, j I 7 3 ^ f \ 2 n 

.x' = a'pi-rh', X = a ji ^ o , 

where the a s and h’s are constants. 

When Jljje — O, it follows from (35.2) that 


(39.5) r]k = 0 


0 + J? « + 


* CL Koivaleicskt, 1909, 2 p- 84, 1905, 1, p* 505 

f Cf Vehlen and JT M Thomas, 1926, 6, p. 284. 
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and that 

n = 

where ^ is not sununed. Hence we have in general 


(39.0) /v = 

where t and ? are not summed and jpi = —^— 7 - /m. Con- 

71 “p 1 

versely, the expressions (39.5) and (39.6), in which yt are 
arbitrary functions, define the most general coefficients of 
affine connection for which njic = 0 . 

40 . Projective codrdinates. Let P be the point of 
coordinates xl and consider the transformation of coordinates 
defined by 

(40.1) a:* = + 


where 5 ?* are any functions of the a:'’s such that they and 
their first and second derivatives are zero when the a;'’s are 
zero, and indicates the value of at P. From 

(40.1) we have 


( ] A* 

/ 8® a;* \ 

\ 8a;'“ lp~ 

\ 8a;'“ 8a;'^ / 


) = - (^a^P 


If 4 denotes the jacobian 
(40.3) 


8 a;* 


8 a; 


ra I 9 


it follows that 


/ 8 log 4 \ 1 

0®a;* 8a;'“ \ 

1 da/^ Jp~ ' 

i 8a:'“ dx'^ aa;* /i>~~ 


= 0 , 


in consequence of (,37.6). Therefore if we substitute these 
values in equations obtained from (35.5) by interchanging 
the a;’s and x''s, we obtain 


(40.4) (.II'ap)p 0. 

Hence we have* 

When a, transformation oj" coordinates of the form (40.1) 
is ^ected, the coefficients of projective connection in the 
are zero at the point JP of coordinates a^. 
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^ye call the coordinates r'"' piojechie cooidinaUs. 

A paiiiicular system of projective coordinates is obtained, 
when we pi'oceed with equations (38 4) in a manner analogous 
to that which jnelded affine normal coordinates in § 23. In 
this case the equations of the paths through the point -P ot 
coordinates rj, arc 

(40.5) y == 

where p is> the projective parameter for the /'s. and the 
equations of transformation of coordinates are 


(40.6) 


“ 3 ! 


where IIj\ are the same expressions in the JJ's as (22 8 ) 
are in the I s. _ 

If we denote by nj, the //’a in the p's, we have from 
(40.5) and the equations of the form (38.1) in the y's that 
the equations 

(40.7) (///, ,/ — liir xj') ,/ xj 0 


must hold throughout the domain for w'hich equations (40.0) 
define a ti ansformatiou of coordinates. 

From the theorem ot § 38 it folloAvs that the ifs as 
defined by (40.5) are the affine normal coordinates corresponding 
to the -i-'s for the space with normal connection for the r’s. 
Moreover, equations (40.7) follow from (23.6) and equations 
of the form (35.2) for Tlh. 

41 . Projective normal coordinates. We have remarked 
that p in (40.5) is the projective parameter for the x's and 
not for the y's. We seek a system of coordinates r’ such 
that the equations of the paths through P Qt^) shall be 
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where -p is the projective parameter for the ar’s. Moreover, 
we require that the s’s he projective coordinates, that is, 

(4L2) a? = -- ^ -\ -, 

where the terms of order higher than the second are as yet 
undetermined. From (40.6) and (41.2) we have 


(41.3) 



When the expressions (41.1) are substituted in equations 
of the form (38.4), we have 

(41.4) PXz^ ^ = 0, 


the P’s being coefficients of projective connection in the sr’s. 
In order that there may exist a transformation of the «/’s, 
defined by (40.6), into z'^ such that (41.4) hold, we must have 




2*?t 










9 0 


X 


dy^ 
dyJ 9 j/fe 
9 2rP bzfl 


dy-> d y^ 

zv zi = 0 . 


4- 


9 0^' 


90 \ 

dy^] 


as follows from (35.5), where 

1 


(41.5) 


0 = — 


logd, 


A = 


dz^ 


+ 1 

The above equations may be written in the form 



^yj g yft 
dz'P 9 ^ 


+ -E, 


9V" 


dzP dz^ 



dz<^! 


sP ifl 


0 . 


Since equations (40.5) and (41.1) define the same paths, it 
follows that the transformation is of the form (cf. § 33) 

(41.7) 

where y is a function whose expansion must be of the form 


(41.8) 5P = ajj z^ 
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in order that f40.6) and C41.2) be consistent. From (41.7) 
we have 


ai.o) 




which are consistent with (41.3), in consequence of (41.8) 


Accordingly we have 


lML,j =JLL-.^y.,,\ 

V ds' I 

; -S' r 

-= .— —- I f/>- 1 —— 5 y 

z-' 9.e'‘ SP* L dzJ 9 S’'" 


(41.10) 


A = 


/ > dy 


= d\ 


6i = 




Consequently 


= log SP — —r log U — 4& 


71 + 1 


1 d-(f> 


- fJ 


9^ -7. _ 1 .7 I n + i 9eJ9e'- ' ' 

92'-*^’ w ds’' ■ ■ 9y , 

' 92' 

AVhen these expressions are substituted in (41.G). Ave obtain 


—I gr'" / 

(41.11) 


_ ^ 2-'V+ ,7 s7. = 0. 

9 2-^ / 1 + ?i 9 2-^9 2'" 


We remark that from (41.7) it follows that 


JlktA— n-‘ y 


Cf Ko\ialexo8l.i^ 1909, 2, p 84 Fme, 1905, 1, p 505 
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anil from (40.7) that the value of the right-hand member is 
the same for each t, it being understood that t is not summed. 
From the form of equation (41.11) it is evident that it admits 
a solution of the form (41.8), and thus there exists a pro¬ 
jective cobrdinate system s* associated "with a given coordinate 
system a;®, for which the equations of the paths through 
PCaro) are of the form (41.1), p being the projective parameter 
for the s-’s. Following Veblen and J. M. Thomas,*^ who 
established their existence in a different manner, we call 
them prqjecUve normal cootdtnaies. 

If instead of starting with a coordinate system a.* we had 
used another general coordinate system a?'*, we should have 
obtained another projective normal coordinate system /*. Then 
in place of (41.1) and by means of (41.1) we have 


(41.12) 


0 


*cf^ —f 

$ U 


Idz'^X 

9/' 

dz-> 

dp\ 

1 ! 

0 

fl 

[ dzJ 

dp 

dp'j 



where p and p' are projective parameters for the respective 
coordinates e® and and in consequence of (38.6) we have 





Between the ^'s and z''s we have a relation of the fonii 
(41.13) 

SP (2) 

as follows from (41.12), where 

P __ y (4 

Differentiating with respect to p and making use of (41.1) 
we have 

* 1925, 4, p 205 
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fjp- 




iflj 


fjp' 


w 

dzf' '■ • 


By the method used in (41.10) we find for the laeobian of 
the transformation (41.13) 


9^" 1 

— ^ U 


dz-' ! 

fpU^l 

a ;/• - ! 


Substituting in the preceding equation, we obtain, in conse¬ 
quence of (38.6), 

InL 

l—n 


AVe must find the solution of this equ.ition >u<*h tiiat 

( 9 ^ ^ ^ \ 

- ' , ) — «j, consequently ne must have (v)/« --- 1. 

. ojp 


Lit-] = 

\Sz‘!f 


«/. where a, are constant 


The unique .'.olution 

fl.i'. 


of this equation satisfying these conditions is </(?) 1 

Hence we have 

When the robi (7/nates >' oj a spa(e mif/eifjo a geneial ti anr-- 
formatum, the projecUte 'normal <no) iltnafes at a point P 
associated ii i th the y ’s undergo a Inieai frat tionaJ ti ansjoi mat ion 


(41.14'i 


a* z-> 


1 + UK 


From (41.3) and analogous expressions in the primes and 
from (41.14) we have 


QxJ 

and consequently 
(41.15) 



Oj 


* This result has been established m n different manner by Veltlen and 
J. M. Thomtu, 1925, 4, p. 206. 
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Also from the law of multiplication of jacobians, from equations 
of the form (40.3) for transformations of the form (40.1) 
and from (41.33) we have 





dsJ 



— (w-j-l) <?&. 


Consequently equations (41.15) and (41.16) give the significance 
of the constants in (41.14) and the original transformation 
in the a;’s and a/’s. 

42 . Significance of a projective change of affine 
connection. In consequence of equations (40.2), (40.3) 
and (35.3) we have for any system of projective coordinates 
associated with a coordinate system a* and with P(a;*) for 
origin 

(42.1) (■Ciy)p = 

where Cjk are the coefficients of affine connection in these 
projective coordinates. Suppose that the latter are the pro¬ 
jective normal coordinates associated with the ^r’s. If we 
introduce homogeneous coordinates, putting 

(42.2) = 

equations (41.14) become 

(42.3) = hyz^, 
where 

(42.4) V = aj, K = 0, = 1, &° = a,.* 

If we put 

(42.5) ((7^):?= — (n-\-l)uj, (CiJ)p =—(ti-{-l)z<j, uo==ito=l, 


from equations of the form (35.3) in the ^*s and /’s we 
have, in consequence of (41.36) and (42.3), 

Uicc z' = , 

Hence the it’s are transformed contragrediently to the i^'s, 

’•‘Here it is understood that greek indices take the values 0,1, n- 
AUd IfttilQ If ***3 ^ • 
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Accordingly if at P we look upon the J’s as homogeneous 
coordinates of a projective space, each choice of an affine 
connection singles out a hyperplane, which j'ustifles the use 
of the term affine. 

In § 37 we saw that among all the spaces with the same 
projective connection there is one for which r]j = o in tlie 
given coordinate system P. Prom (42.1) and (42.5) it is 
seen that at every point in the coordinate S 3 ’’stem i' at the 
point associated with the a’s we have tij = 0 (j = 1, n). 
Consequently in this coordinate system the plane at infinity 
is T® — 0. Accordingly at each point the X’s are homo¬ 
geneous cartesian coordinates, defined hy f42.2) in which 
the 2 ’s are cartesian.* 

43 . Homogeneous first integrals under a projective 
change. If for a given affine connection /)/. the equations 
of the paths (22.4) admit the homogeneous first integi*al 




(Is 


<l3 

-- - = const. 
(Is 


it follows from (32,3) that for a projective change ot con¬ 
nection defined hy (32.1), the equations (32.2) ot the paths 
admit tlie first integral 




Hr, 


dv' 
d s 


dx”' 

(U 


const 


where the integral J tiv. ded' is taken along the path 111 question. 

Conversely, if the equations (22.4) of the paths admit 
a first integral 


(43.1) 




^ 0 j 0 ^ 


daJ ^ 
(Js 


d'/'” 

~(U' 


const 


then for the atfine connection defined b\ (32.1). in wlin.h 

* <Jf VihlcH and 7 M Thomas^ 1926 f>, p 29o 



118 


111 PKOJECTIVE GEOMETRY OF PATHS 


the coiresponding equations (32,2) admit the first integral 


(43.3) 


'fr. 


d~k 


d's 


= const. 


When we express the condition that (43.1) be a first integral 
of equations (22.4). we get 


(43.4) 




where L* denotes the sum. of the terms obtained from those 
in p.irenthesis by cyclic permutation of the indices fcf. § 31) 
Hence we have 

*1 nete&sanj and cond^tton that a ptcgecUve chanffc 

of ofjint- Lonnectton can he ej^e<ted so tha.t the correspond.%nij 
equations of the paths shall admit a homor/eneons Jx3 st znteqral 
oj the mth deqiee is the existence of a symmetric tensor ^ 
and a veitor qu siah that equations (43.4) are satisfied', then 
the p)o;}ectice ihange is defined (32.1) in which ifi, = — q),/2m 
and the first integral is given hy (43.3).' 

W'licu. and only when, in (43.1) is a gradient, equation 
(43.1) IS of the form (43.3). Hence the results of § 31 may 
be stated as follows- 

A necassanj and sufficient condition that the equations of 
the paths for a yiven affine connection admit a homogeneous 
/nieq/at of the mth degi'ee is that theie exist a tensoi' ar^ r„ 
and a gradient y,/. such that the cot responding equations (43.4) 
hold'^ then the fiisf interp al is 

df' dr"‘ ^ , 

c' a,^ r . - • —>-— = const.T 

^ ds ds 


The condition (43.4) is satisfied by the tensoi q,, and the 
vector yy ot a Weyl geometry-, as follows from (30.1). Conse¬ 
quently the equations ot the paths for the given affine con¬ 
nection admit the first integral 


^ ^ ds 


d.i ’ , 

, ---- const. 

ds 


'■Cl Wi^jihart^ 2. p 381, also .T. 3f. Ttnimas, 1926, 7. p 119 

■i'Cf Yehlfi! imfl T. T- Tlasniai, 1923, 1, p. 583. 
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Fiom (43.2) it follows that for the projective change defined 
by (32.1) in which tpi = — 5 Pj /2 the new affine connection 
is such that its equations of the paths admit the first integral 

(4.3 o) (jj, —;— = const. 

(i ^ ^ 

If (JuS denotes the covanant derivative with lespect to the 
new connection, from fSO.l) we have 

(43.6) </o,r + fj,u h''i + V'j — ^ n>j = 0. 

From these equations we have 

(4.3.7) <!'■' ffuJ 2(u —1) V'A -■ 

and consequently (43 6) can be written as 

(43.8) 2(n— 1) gu.h ffwJ-r gih nv<i,j ~ - 'fn <*• 

Coiiveisely. it the equations of the paths of an affine 
connection J'jl admit a fii'st integral (4.3.5) and equations 
(43.8) aie satisfied, foi the vector t/'/. defined b\ (437) 
equations (43.8) reduce to (43 6 ) and bj' means ot (.32 1 < 
nith (f‘, — —2 d/„ we get (.30.1). Hence we h.ue tin 
following theorem due to .T il. Thomas 

A ne((“^saiy ami sufficient conihiion that an ujfiii'‘ rjeumHuf 
u ho'^e i>nths (uhmt a quiah attr tutei/tal (43..5) hui(‘ flu •icoiu 
paths as a TTey/ goomcti ij is that rquatzoiis (43.8) be satisfied 
tot ariant difierenhat/on he/nif a ith i espect to the fjnen romiei fani 
44. Spaces .for which the equations of the paths 
admit independent homogeneous linear 

first integrals. In order that the equations (22.4) of the 
paths admit a linear first iiitegiai 

(44.1) a, const.. 

d N 

It IS iieccssari that (§ 31) 

(44.2) 

* 1021 ?, 7 . 1 ) 122 


~'r <^j,> 


0 . 
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Differentiating covanantly with respect to we have 

(44.3) a,,jK + aj,,K = 0. 

If from the sum of this equation and the fu'st of the following 

<ik,7j + «? = 0 , aj,K, + au,ji = 0 

we subtract the second, the resulting equation is reducible 
by means of (6.4), (21.3) and (21.4) to 

(44.4) = — aiBk.j. 

The conditions of integrabilily of these equations are reducible to 


(af — dt + 3f A — ^w) 

If we put 


(44.5) , 


= 0 . 


diu 

'dxJ 


= ah J'tj + btj, 


these equations and (44.4), written as 


bij,k - CliBk/jt 

constitute a system of equations of the form (8.1) in the 
quantities at and the w® quantities htj. In this case we 
have a system JFo of w (« +1)/2 equations b,j -tbjt = 0 which 
follow from (44.2). Equations (44.5) are the set JFi for this 
case. Hence we can apply the results of § 8 to get the 
conditions to be satisfied, in order that there be one or more 
first integrals. ^ When (44.5) are satisfied identically in virtue 
of (44.2), the solution admits w(n-l-l)/2 arbitrary constants; 
it is this case we consider in what follows. 

From (44.5) we have the following equations of condition: 

(44.6) Mlj,i — I^tj,k = 0, 

*Cf Veblen and T. T. Thomas^ 1923, 1, pp. 591-^99. 
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dP — dl‘ Blj + dl + Sf B’^.i — 6^ BL 

— Sr£^u + ^z£ifu--^0. 

Contracting (44.7) for jj and I, we obtain (cf. § 5; 

(44 8) Bl, -= (6^; B,k — Bjk + 2 ). 

Contracting this equation for h and j, we have 

Bu, — B>k =- -^A,.. 

— 1 

Since is tlie skew-symmetric part of Bti (§ 5). it follo^^ s 
from these equations that = 0, and consequently B,j i" 
symmetric Hence (44 8) reduce to 

(44.9) ^ (<)j‘ B,u — B,, ) 

it JL 

When these expressions aie substituted in (44 7). ne find 
that these conditions are satisfied identically. Again when 
they are substituted in (44 6). n e obtain 

(44.10) B,i,t — B„,i. --- 0. 

Comparing these results with those of i; 34, i\e have 

*4 'necessary and sufficient condition that the equations oj 
the jjaths of a space admit hotnogeneous hncar first inteqyatf- 
inioh'ing ni'H-\-l)f2 aihifrary lonstants is that the space he 
projeitivehj fiat and the fcnsoi It,, ho symmeti k . 

In ^ 34 it was seen that any such space is determined 
by taking 

(44.11) Tjh = —(dj d',/) 

where ip^, is an arbitrary giadient, and that the coordinate 
system f' for which the C*s have this forai is caitesian in 
tlie coiTesponding flat space In this coordinate system and 
tor the /’’s given by t44.11) equations (44.2) become 

Zhj 

0 J ^ 9 / * 


(44 12) 


0 . 
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where 

(44.13) h — a^e^. 


Equations (44.12) are the foim which (44.2) assume m a flat 
space referred to cartesian coordinates. In this ease 
equations (44.4) become 


(44.14) 




da>* da^' 


- = 0 . 


From (44.12) for ^ =-^' it follows that b, is independent of a^. 
Then from (44.12) and (44.14) it follows that the general 
solution is 

(44.15) h, = c,j xJ + (h. 


where cu and d, are constants, subject only to the condition 
that Cy IS skew'-symmetrie in the indices. Hence there are 
n(n + 1)/2 arbitrary constants, as desired, and for the given 
space are given by (44.13) and (44.15).' 

45 . Transformations of the equations of the paths. 
Equations (35.5) may be obtained in another manner. In t? 22 
it was shown that the affine parameter of a path is not 
changed by a general transformation of coordinates. Con¬ 
versely, if we take the equations of the paths in the form (22.41 
in two coordinate systems and x'^ and assume that s is 
unaltered by the transformation, we obtain (5.6). We wish 
now' to consider the more general case when s is not invariant 
under the change of coordinates. To this end we take the 
equations of the paths in the form (7.6), and seek the con¬ 
ditions which the T’s and r''s must satisfy in order that 
(7.6) are transfomable into 

df \ di- ^ dt (ft ' 

, ,,,« du'^ d//^ \ _ ^ 

by a change of coordinates. 

♦Cf JEwnhaft, 1926 9, p 336. 
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If we effect the ti'ansforaiation /•") on 

(45.1) and express the condition that (7.6) be satisfied, we 
obtain 


where 

(45.2) 


jA _ n 

\ 8.1^ ^ du->~ 'JI fft' rif dt ^ 

. ^ d^y'' _j_ 

'' bx'd7J ‘ djJ 8/4 


Since the abnve conditions must be satisfied for all the paths, 
we must have 


(45.3) 


8 ’J 


8 

u 

+ 

8a-'“ 

zy^ 

Zx' 

8 x''^ 

4« 

, 

8 r'^‘ 

8 /' 

“T 

Zx-‘ 


At 


Vu 


^ ^ JCC 


= 0 , 


0 

Multiplying bj*-- and summing for k and «. we obtain m 

Zx' 

consequence of (45.2) 


(45.4) 


8 x'^ 

/ 8 log i 

-hf.T 

8 '/'^ 

' ZxJ 

\ Z'j^ 

Zj^ 

Z y'^ , 

(8 log A 


zy'f 

8 /' ' 

\ ZxJ 


Zx> 



where A is the jacobian 
(45,5) A — 


ox 


When the expressions (45.4) are substituted in (45.3), the 
latter aie satisfied identically. Hence the conditions are 
given by combining (45.2) and (45.4); this gives equations (35.5). 
From (22.2) and (22.3) we have 


(45.6) 


dr s 

(1^ 3/' I ri 

(It- dt dt ~~ ds dt 

dt 
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for the determination of the affine parameter s of a path. 
By means of (35.5) we obtain from (45.6) and analogous 
equations in the r'’s and the affine parameter s 


(45.7) 


d^s' 

dt^ 

ds' 

(it 


(fs 

df , 2 

ds « + 1 

dt 

+ _J_ 

^ M+1 





d log 4 
di 


dy^^ 

dt 


If the affine parameters s and s' are to be equal, we must have 


(45.8) 


rL 


= r'/ I 8 log ii 


in which case equations (35.5) reduce to equations analogou.s 
to (5.6), we have seen that equations (45.8) are a consequence 
of these. 

If we consider the most general solution of equations (35.5). 
when the coordinates are not changed but only the affine 
parameter, we have /7//' = TlJ/,, which shows the invariant 
character of the /Ts under a projective change. 

46 . Collineations in an affinely connected space. 
The results of § 45 may be used to define transforaiatioiis of 
points of an affinely connected manifold into points of the 
manifold such that paths are transformed into paths. We 
call such transformations cxyllineaUcms Tlie conditions to be 
satisfied by a space in order that it may admit one or more 
collineations arise from equations (35.5) on the assumption 
that each pair of coefficients and r'Ji with the same indices 
are the same functions of x? and x" respectively. This is a 
particular, case of the problem considered in § 36 and may 
be handled m that manner. However, if the finite equations 
of the transformation involve r (^ 1 ) parameters and posse.«.s 
the group property, they define a finite continuous group 
of collineation*'. In this case the trausfoimations may be 
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considered as generated by r infinitesimal transformations.'*' 
Accordingly’’ "we consider infinitesimal coUineations as the 
basis of another method of obtaining affinely connected spaces 
which admit coUineations. 

An infinitesimal transformation is defined by* 

146.1) /" = + 


where aie functions of the a-’s and du is an infinitesimal. 
Since by’ hypothesis the /’s and jr'’s with the same indices 
aie the same functions of the r’s and a:'’s respectively, the 
same is time of the/Z’s and/7'’s. as defined by (35.2), hence 
b.v Taylor’s expansion we have 

^46.2) JI^L = 7/;^+ r'dH, 


neglecting infinitesimals of the second and higher orders: this 
will be done in what follows. From (46.1) it follows that 
the determinant A of the transformation is given by 


and consequently 
(46.3) 


A = 

8 logd ^ 
9 a:* 


1 + 


doc^'' 


d«. 


9 -^' 

d3C^‘ dx’ 


du. 


^\'hen these values are substituted in (35.5), we obtain, on 
neglecting the multipier dv. 


2‘CO 


9*5 


(46.4) 


9a:* 9a:"' 


. ,7« ^ _L -cz, 77‘ 

1 (/i" I \ — O 

^ + 1 dx^dx^'^ ‘ dx^‘dx>j} ~ 


Because of (35.2) these equations are equivalent to 


(46.5) 


, ^o 9?^’ , ,,« 9^ 


.tl, a r^' 


— r, 


,A 9§‘ 


9a:'9arJ ‘ '’"‘dx-) ' ■"•9a:* ' " 9a:* '"’•'93^" 

= dj gp, + df gpj . 

The reader is supposed to be conversant with the Lie theory of 
groups as contained m the treatise of i?c, 1893, 1 or BiancM^ 1918, 1; 
a resume of this theory is given by the author* 1926, 1, pp, 221-227. 
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where by contraction we have 


146.6) ( 

Equations (46.5) may 
(46.7) S'',,, = 




, pfc 8 

-r ■*»»,■ 


■<h 


da^^dsc^ ' 9aj* 

be written in the form 

: “h SPj • 


i£iL\ 

da^^’ I 


Contracting for 7i and t, we have 

(46.8) S', >j = s'" + (1 + n) sp,. 


In Older that the affine parameter s be imaltered by the 
infinitesimal transformation (46.1), it follows from (45.8) and 
(46.3) that sp, as defined by (46.6) are zero. In this case 
equations (46.7) become 

(46.9) s''.,, = 


Hence when a set of functions S* are a solution of (46.9) 
equations (46.1) define an infinitesimal collineation which 
preserves the affine properties of the space, and when they are 
a solution of (46.7), where y, ^ 0, the collineation preserves 
the projective properties. Accordingly we call them infinite- 
simal nfjine and jftq^ective coUineations respectivelj’^.'* 

Consider the case of a projectively flat space and assume 
that the coordinates x* are such that /7,i = 0 (cf. § 39). 
Under these conditions equations (46.4) may be written 


(46.10) 


8 -g^ 
9a^ dx-^ 


~ ^ + 9j' 


The conditions of integrability of these equations are 


•K 8 y? 


da^' 


h+K4^ = iy. 


dy, 


9 a-'- 


9ay 


df 


&9h. 

dX'* 


Contractile for a and *, we find that y, is the gi'adient of 
a function y, that is, sp* = Substituting in the preceding 

equations, we have == 0 and consequently 

* Cf. IS-uenhart aad JEne&elman, 1927, 2. 
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SP = an ~ 


where the a’s and d are arhiti'ai’y constants. Tlien from 

(46.10) we have 

== a,, + 6^ j:-* 


where the h's and c’s are arhitarary constants. We recognize 
these expressions as defining the most general infinitesimal 
projective coDineation in a projectively flat space. If, on 
the other hand, we consider equations (46.9) for a flat space 

8 * 

referred to cartesian coordinates, we have -r——- = 0 and 

dcr^ dx-> 


consequently 




a* + h' . 


which define the most general infinitesimal affine eollineation. I’ 
Thus as defined affine and protective infinitesimal collineations 
are generalizations of these respective coflineations of a flat 
space. 

Suppose that we have a solution of equations (46.7) 
and that the coordinates are chosen so that in this 
coordinate system 

(46.11) = 1 §“ = 0 (« = 2,. 


In this case equations (46.4) i-educe to 

(46.12) == 0. 

By means of these equations we shall piove the theorem- 
When an affinAy ixmneded space admits an it\finitesimal 
projettioe or ajyina collmeation. the transjormations oj the 
finite yroup genei ated try it are collineations. 

In fact, for the chosen coordinate system the equations ot 
the finite group are 

(46.13) ./''== a, x"' = {ct = 2.- 

• Of. ite, 1893, 1, p. 24. 
f Of iic, L c., p. 85. 

1 1926, 1, p. 223. 
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where a is a parameter. For this transformation equations 
(35.5) reduce to 11 — II},. In consequence of (46.12) this 
condition is satisfied for a projective collineation. For an 
affine eolliaeation (46.11) we have from (46.5) that /)& is 
independent of x^, so that the theorem follows in this case 
also. Moreover, we have shown incidentally that 

The most general affinely connected mamfold winch admits 
a finite grcnip of affine collineahons ts given hy taking 
fen' r]), functions of n—1 of the coordinates. 

In consequence of (39.5) and (39.6), we have that equations 
(46.12) are equivalent to 


and 


dx^ 


= 0 


(* i ^ 


dr:, 


2 ^,, 


(l = 1 . 


8 /’ft, 


••.w; a = l,--'.M, 


where i and a are not summed. By means of these equations 
we are in a position to choose the coefficients of an 
affine connection so that the manifold shall admit a group G^ 
of projective collineations. This result is seen also from (46.5). 

If ^ is a solution of equations (46.7) for a given connected 
manifold, it follows from (46.4) that it defines a collineation 
for every manifold in projective correspondence with the given 
manifold. If the coefficients of any such manifold are given 
by (35.1). we have 

(46.14) r = /m + (w +1) , 

and consequently from (46.6) we have that the functions y, 
in this case are given by 

(48.16) 

If we denote by ^*^_the second covariant derivative of 
with respect to the Jr's, we have 
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1‘29 


•c''-- 
^ -'J 


/',y4 dUi",.?’-) 


ti'lii'- . iUh -r ?'• f<'h 

(U<, j — tl>, U<j ) 


In consequence ot (32.-1-) tlie^e expre.-ssions and f46 loj bati'-fy 
equations of the form (46.7) 

From (46.15) it is seen that the collineation deteimnied 
by is proiective toi the connection of coefficients r,!. unless 
t/', satisfies the conditions 



4- - 


9# 


c/. 


O / 




= 0 . 


When the coordinates j' are chosen sO that have the 
values (46.11). these equations become 


The general solution of these equations involves n aibitraiy 
functions of /-. • /'' Hence we have 

TTTicn cf pio/ectite o> afpne <olhneation of a)i aJ^faehj 
(omieded miuifold l,nouti tt is tin affirm rollmeafion oj 
a sul)-g}uKi> of (uinu'dtons pi ojediielt/ i elated to the given 
connection the detei mination of the mh-gronp inioUeS n 
aihitiaig function^ nhote jacohiau is eeio. 

47- Conditions for the existence of infinitesimal 
collineations. If iie make u&e of the Ricci identities (§ 6j 


4 -4 

" ,fji- " — 




- b, , J^ljU , 


the conditions of lutegi’ability ot equations (46.7) are i-educible 
by means of the Bianchi identities (i? 21) to 


4- <i/ U‘I 1 — •! >,J ^ (•h >• — 


(Tontracting tor h and i and h and 7* ^^e have (ct. ^ 5i 
respectively 

(47.2) Sj7, ,7 -f - I, t^ji — 4 , / «!>;./ (^1 “T 1) ( 9‘j, i- 9-/.^' ’ * * 


9 
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(47.3) 


Bjj + (1 — n) 9r,j 


+ (9j,r - 9f,j) = (>• 


InterchaRge t and j in (47.3) and subtract from (47.3^, in 
consequence of § 5 the resulting equations are of the form 
(47.2). From (47.2) and (47.3) we obtain 

(47.4) (?" C V, + Ca + f), 

where 

(47.5) C-y = B,j + —^ 

If in (47.1) we substitute for the covaiiant denvatives of 
9 ?, their expressions of the form (47.4), the resulting equations 
are reducible by means of (32.10) and the results of 5 to 


(47.6) w!}- 




wib + 




nt. 


v?/# 




w!j, 


- 0 . 


The conditions of integrability ot equations (47.4) are ob¬ 
tained from the identities y, ja,— 9 t,}.j ~ ((>h In con¬ 

sequence of the results of § 5, they are reducible to 




Because of the Ricci identities for 6^,/./ .ind C,i.,i, and the 
identities (21.4), these equations are equivalent to 


(47.7) 


— jt) -f — (a,.,.- Cb,,,) 


+ ’^,t (Ci,,h — CV/.,j) + (1 — n)(ph Tr^'/. 


0 , 


If equations (47.6) aie difterentiated covariantly and use 
is made of the Ricci identities for Wl^Jr, the resulting 
equations are reducible to 


W!Arl + /.r + $'.A 

+ '^,1 IFitja,, —ll'y/.,,-}- 11',^', 5r>/, — IF,/., tf‘, 
+ IF^;* yo + 2 TFi,. y, — dj' IF'/, if., = O. 
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Contracting for h and r, we obtain 
(47 9) ^ — 

+ ( 2 —n) 9 >ft W,% = 0 . 

If we put 

(47.10) 1^% = 
equations (46.7) become 

(47.11) i}t,j = $ SPt 4“ SPj • 

These two sets of equations and the set (47.4) are of the 
form ( 8 . 1 ; in the functions and y,. By means of (47.11) 

and (21.4) the conditions of integrability of (47.10) are 
satisfied identically. The conditions of integrability of (47.11) 
and (47.4) are given by (47.6) and (47.7) which together 
constitute the set of the theorem of § 8 . However, when 
n > 2, equations (47.7) and (47.9) are equivalent in consequence 
of (32.16), which may be written 

W/id,i = — O./J’ 

Hence as observed in § 8 we may apply the theorem to this 
case taking (47.6) as the set Fi, (47.8) as the set F^ and 
so on. Since all of the equations are hnear and homogeneous 
in the dependent functions, we have 

necessary and mfficient condxtton that an affindy connected 
sxiace foy n'>2 admit r 1 ) infinitesimal projective colline- 
ations IS that theie exist tico positive integeis JV and r such 
that the matrices of the equations Fi, • . Fx and Fi, • Fss^i 

are of rank n^-\-2n — r, when r = 1 , the solution involves 
a quadrature, when r ^ 1, the general solution is a linear 
function icitJi constant coefficients of r fundamental sets ofi 
solutions. 

When n — 2 , the Weyl tensor vanishes identically, and 
consequently equations (47.6). The above theorem applies 
to this case with the understanding that equations (47.7) 
with — 0 constitute the set Fi, and the other sets ai‘e 

derived from this one. 


»• 
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Fi’om the form of equations (47.6) and (47.7 } and the 
results of § 34 we have- 

The mancimum number qf independent ir^mteszmal protective 
colhneations wJnc?i a space can admit is + tins is the 
ease when, and only when, the space is prcgextively Jlat. 

The determination of spaces admitting infinitesimal affine 
collineations reduces to the solution of equations (47.10) and 

(47.11) in which = 0. In this case we have a theorem 
analogous to the first of the above theorems for which the 
sets JPV and F% are obtained from (47.1) by putting sp, = 0 
and from (47.8) by replacing TF^/, by bIju- Since there are 
w* -r n functions and ijt in this case, we have • 

The maximum numhei of independent infinitesimal affine 
collineations ivhich a space can admit is this is Hie 

case when, and only when, the spate is flat. 

The forms of the solutions I' for protectively flat and flat 
spaces in cai-tesian coordinates have been obtained in § 46. 

A special t 3 T>e of collineations is that for which the path 
curves of the collineations, namely the congruence determined 
by are paths of the manifold. Tn this ease the functions 

must satisfy the conditions (cf. (7,5)) 

(47.12) ;='■ {§J — -- 0 

In appljing the existence theorem we take these conditions 
as the equations Fq i-efen-ed to in § 8. Differentiating (47.12) 
and reducing by means of (46.7), we obtain a new set ot 
conditions which together with (47.1) and (47.4) constitute 
the set Fi of equation.s, and so on. Since the equations 

(47.12) are homogeneous and of third degree, the existence 
theorem assumes the more general form of § 8, and not that 
applying to the cases n'hen all the equations are linear and 
homogeneous. If the coordinates are such that the com¬ 
ponents ^ are of the form (46.11). equations (47.12) reduce 
to rfi = 0 (a = 2, —. li'). Combining this result with 
those of § 46, we have a means ot defining the most general 
affine connection admitting a group of the type under 
discussion. 
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48 . Continuous g^roups of coUineations. If for 
a = If • i determine infimtesunal collineations, we call 

Xecf ^ ?(f') , the generators of the collineations. Further¬ 
more, Ave denote by the Poisson operator, that i>. 


(48.1) (AV. 



AVe establish the following theorem- 

jf/* Xaf fo) ce = 1 . • ; (ue the generato)!, oj mfimfeb-ntuU 

loUiueattons, so also mo (AV, X^'}ffoi a. jd = 1, . > (a 

Consider the ease when « = 1 , /S = 2 . From (.48,1) it follows 
that 


where 


(A^ 


Y») f — 

AiJ/ — ^ 


<48.2) 


^( 1 ) 


d ^^ 2 ) 


8 7' 


Jl 


S(2) 


9^' 


U) 


9 a." 


= ?(1) ^(2),/I -5(0.* ■ 


From these expressions and (46.7) we have in consequence 
of the identities (21.3) and (21.4), 

^ j ~ ^ahj — s(2),j -r s^a) ^-(2) 

H~ (5a) sp<2)* — 5(!>) SPa)*) “h 5(i> S\2)j — 5*2) SPa^ • 


If we differentiate these equations covariantly with i*espect 
to a^" and in the reduction make use ot (46.7) and (21.5). we 
obtain 


^\jL — 5^* JBjkh + 97. -r ^a' 9 =j , 


whei’e 


9 j — 5a),j 9’(2)* — 5(b,j ya)* 


J( c* 

$a) 9'(j)j,* — !-(i> ya)j,* 


which establishes the theorem. 

Suppose that a given space admits ; indep^dent mflnite>.- 
imal collineations. From the above theorem and those ot 
§ 47 it follows that 

A>)/ 
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where the t’s are constants. Hence as a consequence of the 
fundamental theorem of the theory of continuous groups- 
we have: 

VTIieix, and only when, equations (46.7) ot (46.9) admit i in¬ 
dependent solutions, the space admits an 1 pat amefei coniinitoiis 
group of proQei tive oi affine collineations.'^ 

49 . CoUineations in a Riemannian space. In order 
that an infinitesimal ti'ansformation (46.1) in a Kiemannian 
space, with fundamental tensor rj,j, be a collineation, it is 
necessary that 

(49.1) g',j = .-= r/u + W'- Su 

and that equations (46.5) be satisfied, when are replaced 
by the Christoff el symbols of the second kind formed with 
respect to ff,j. The latter conditions reduce, as in § 46. to 


(49.2) 





5P, t 4“ ^ 5 p,j . 


where are the components of the curvature tensor and 
5 P,t are the components of a gradient, the latter follows from 
(47.2), since S,j = 0 for a Riemannian space, in (49.2) co- 
variant differentiation is with respect to the g's. 

The quantities given by (49.1) are the components in 
the a*'’s of a tensor whose components ff,j in the a’s under 
the transformation (46.1) are given bj' 


(49.3) 
where 

(49.4) h,j 


ffv = ffkl 


dx'^ dx^ 


djd 9 .'yJ 


— du. 




di 




9?'- 


•—1 I ^ I S' «• I 

"" ^ did + + 


9j?7 


da.' 


1 ’5 


and From (49.3) follow equations of the form 



* lAe, 1893, 1, p. 391; also Bianehi 191S 1. p 97 
Knehelman^ 1927. 4 
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where a subscript as in indicates the form with respect 

to which the symbol is formed, being functions to be 
determined. Multiplying by summing for I and using the 
expressions (49.3) in the right-hand member of the equation, 
we have 

bj, % = {>J> (/i,j 6u, 

where k\- are Christoffel symbols of the first kind formed 
with respect to ^. In accordance with the definition of these 
symbols we have from (49.3) 

[«?• ~ ^]g + bj, *]* 

Consequently 

bj, k\ = 

9 

If we add to this equation the one obtained by interchanging « 
and Jc, the result ma 5 ’- be written 

Substituting for htk,j the expression from (49.4) and making 
use of (49.2) in the form 

(49.5) ?h,7j = jRlnjk-{-ffjh ffth ' 

we obtain 

gia (oy — SP,* — ^ 9>,j) + 9 ,k — 9,j) ~ 

When we add to this equation the one obtained from it by 
interchanging « and j and subtract the one obtamed by 
interchanging j and Tc, we find that 

«v = dj 9,1 + 4 9,j* 

Consequently we have 

(49.6) \^\ _= I ^ [ + (dj SP,»+ 4 SP,j) 
and 

(49.7) Jhj,k= 2ffy9,Jt + gjk9,t+fftk9,j‘'' 

* For another method of obtaining equations (49.3) and (49.7) see 1926, 
1) p* 22S. 



136 


III PROJECTIVE GEOMETRY OF PATHS 


Each solution of (49.5) m which O determines a group 6ri 

of projective coUineations of the Riemannian space- The 
results of § 48 can be applied to this case to determine whether 
a space admits a group of projective coUineations. Erom 
(49.5) we have 

4- sp,^ + gju n . 

From these equations we have: 

A. necessary and, s^4jyi€zent €uyndition that a colHneation q/* 
a. JR.iennriwivn,%a'rt space he afjine 2 S that the first corarzant 
derzvatzre of he zero. 

When in particular ^/i,,^ = O, then == g^j and the 

collineation is a motion.* 

* 1926, 1, p. 234. 
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50. Covariant psendonormal to a liyp er surface . 
Tli.e vector-fa eld Consider a space 1 c‘xj>res^ccl in 

terms of coordinates A Jiype.^ sin'frii f> i'-. defined Uv 

an equation of the toim 

(50.1) tC//^ *• - O 

Avhere 9^ is iiTcdiicible. It ave put 

(50:2) a' T//’. - , fjr.^ 

where the functions y* are arbiti ary except that the 3 acobian 
of the + 1 y's is different from zero, then equations (50.2) 
define a cooidinate S 3 ’'stem jc^' for which the j^ven I'u !>» the 
hypersurf ace =-^ O. 

Por any displacement in T',i at a i>oint P ot it e have 


(o0.3) == O. 

and consequently^ the covariant vector at JP, defined by 


(50.4.) 


9 9 > _ 


is pseudo-orthogonal (§ 11) to every contravariant vector 
tangential to at JP. From (50.2) and (50.4) it is evident 
that the vector i'k is independent of the choice of the 
functions in (50.2). AVe call it the cov^artctnt 

nr>} mctZ to Vn • 

* in this and the following sections greeh indices talce the vaJne^ 
1 ... and latin 1 , - , n. 
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"We define also a contra variant vector v** by the equations 


(50.5) 




g^+l • 


As thus defined are the components of the vector tangential 
to the curves of parameter that is, the curves along 

which all the a;’s except are constant; we call them 

transversals of the hypersnrface. Evidently v" depends upon 
the choice of the functions in (50.2). From (50.4) and (50.5) 
we have 

(50.6) VciV" ~ 1 
and 

(60.7) =, 0. 

If we change the curves of parameter we get a new 

vector of the type Calling it we must have 


(50.8) 


V® H- a* 


82/® 
dx'^ ' 


if we require that v® >»« = 1. 

Suppose that we have a set of functions j/'® • , 2 /”+^) 

such that = 1, that is, = l. If we put i'® = 

the condition (50.6) is satisfied. Moreover, if for the func¬ 
tions 5 P* of (50.2) we take n independent solutions of the 
equations 


(50.9) 



ifjn+l 


9 


then in the coordinates a:® the integi’al curves of (50.9) are 
the curves of parameter Thus for a given congruence 

not tangential to Vn we can define a coordinate system sc^ 
satisfj'ing the requirements of this section. 

When equations ("50.2) are solved for the y’s, we have 


(50.10) 
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or, as expanfeioiis in powers of 

(50.11) (r% • • •, 7“) -r-yf (7\ . ., 7«)./«+! -i- - • . 

Consequently T» is defined by the parametric equations 
f00.12) 

and at points of Vn the expressions for r" in tiie 7 >'s aie 

(50.13) (v^% ^ 

If in (50.11) we put 

f _ ff J6 \ Y71 i /I 

r = f . / — y ' F{7. , ■ X ). 

then the curves of parameter are the same as tho-Ne 

of parameter but m place of (50.13) we have 

Thus we see in what manner the coordinate 7 “+^ ina\ be 
changed, if the vector v" at points of Vn is not to change 
in direction. 

In order to consider the effect of a change of the vectoi- 
fleld 1 ^“, we consider a transformation of coordinates of the form 

r'-f (/*. , 

(50.14) + (x*. • • •, x^’’) (a,-"+’ )■ + • • •. 

/•'" ' 4-• •• J’‘)(a^‘-*-^)-+• . 

that IS, a transformation such that in the two coordinate 
systems the space Vn is defined by — a.'" '^ = 0, and 
7 " ---= a' at each point of !«. From (50.5) it follows that 
in the 7 ;'s the components of the field are 

(50.15) v' --- 0. j'»ii 1 . 

From (50.14) and (50.15) we have that the components of 
this field in the x 's are 
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(50.16) 




/’ 


, / ?j4-l 

>2 ^ 

. n-i-1 n-r'i 


1 + 2 tf^T- ^ + 


It follows at once that the curves of parameter and 

of parameter have the same directions at each point 

of F«, when, and only when, 


(50.17 J 




0 


( t ~— 1, • •,>!). 


If we denote hj' (/“ a general coordinate system, we have 
from (50.14) 

dx‘ Qj/J \ da^ J 


(50.18) 


_|__ l—lt^ _ f^i+i\s 4 _ \ 


32/“ 




LJL. ( i ^+ 2 ip^ 7 ."^^+ .. •) 


S 7:'^ 


+ (1 + 2 4- . ) . 

The result(50.17) follows also from the last of these expressions. 
Also we have 


9a 


0 2/“ 


1 — /a'_i 

* 9y*<^ V-' ' 


±^. ,..-1 


(50.19) 


"d X 




dx-i 


dxJ 

doM 

3 jy“ 


4-) 


diy< 




- (t/>J + 2 V'' + • • '*. 


+ • (I + ^ c»'-«+i+ .. .). 

Fi'om equations (50.18) and (50.19) we have that at points of I’» 


(50.20) 


9 r> 


9y“ _ 

9®* ^ 

9 /* 

02/“ ' 




-ML. = Jj/LL ju-MM 


9j’' . 9y*-M 


dy ' zif 




9 7 


rn—i. 


02/“ 


9j^^ 
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Also from (50.18; we have that at points of V„ 

__ a® 


8ic* dx-^ 


d/’ dx' 


9® 9®?/' d-tr 

m0 9^^ - - -r — --i-_ xL<f- 

dx'^ dx'^ ' 

If we write the last of equations (50.18) in the foim 


(50.22) 


^ (VA -i- 2 V'i> 


then at points of Tn 


4- (1-4-2 


'o ^ 


(50.23) 


= V 11,1 4- 

air-^SvC-/ 9v' 8 


9 1/ 9 Uq , 8 y' 


51 . Transversals of a hypersurface which are 
paths of the enveloping space. We consider the tiaii^ 
formaMon of coordinates in the space Vn-i-i defined b\ 


(51.1) 


/o"-f X' ^ 


-^Crl ;#,)o//‘ //(^" M'- 


where /iT and. fi are functions of are the 

coefficients of the affine connection m the y's in T'l _i. 
are defined by ( 22 . 8 ), and the zero subscript indicates that 
in these functions y*" have been replaced by Jo. From the 
considerations of § 22 it follow's that these expressions satisfy 
formally the equations 

I F? gy ^ (V 

Hence when constant values are given to 
equations (51.1) define a path of r„ . 1 . the p.uameter being 
The hypersiu’face = 0 is defined by 
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(61.2) 

and the tangent vector v® at a point of this hypersurface 
to the path of the above set through the point has the 
components 
(51.3) 

When we effect upon the as^’s a transformation of the 
form (50 14) in which rp\ — 0, we get (50.11), in which the 
functions and are of the same form as in fSl.l). 
Moreover, equations (51.2) and (51.3) are the same as (50.12) 
and (50.13) respectively. In what follows we shall use the 
equations in the form of § 50, when we are considering 
relations between the y’s and cc’s, and the same notation 
with primes when the coordinates a?'“ are under consideration. 
Thus in place of (50.2) we have 


(51.4) 


X 




= sr- 


rt 


(2^^ 


y ), 


X = gp (2/, • • •, 2/ ). 


In particular, we remark that y' == 0 is the equation of the 
hypersurface Fn. From the last of (50.14) it is seen that 
y' = y 2 /”+^), where F is of such a form that 

F = 1 when y = 0. 

Differentiating the last of the equations (51.4) ivith respect 
to we have 


(51.5) 


8gp' 


1 . 


v\'here, in consequence of (51.1) 


(51.6) //// + . .. 

Differentiating (51.5) with respect to we have at points 

of Vn 

(51.7) = 0. 

Again differentiating (51.5) with respect to j''*, we have 


( 51 . 8 ) 


\ 87'"/o 
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Proceeding in like manner the last of equations (50.2), 
we have 


(51.9) 


8* SP 8y^ \ ■ / dyi 9 \ _ 

dy“dy^ dx^ 1 0 ^ “ 9 ^Jo ^ 


Since at points of (r'% = (v‘')o and 



[cf. (50.20)], v/e have from the equations (51.5) and 


^ 1 ^9> ^ ^ ^ 

92/“ ’ 83 ^ ' 9y“ 9a:'* ■“ 

that from (51.8) and (51.9), 

we have at points of V„ 

(51.10) y',«/j) = 0. 


From this result and (50.3) it follows that 

(51.11) (»'“)o (SP.ayS— 9',a^')o = 
where, in consequence of (51.7) and (50.6) 

(51.12) yfyf (9>.aA = /• 

An application of these results is made in § 56. 

52 . Tensors in a hypersurface derived from tensors 
in the enveloping space. Let 'Sa and K be the components 
in the y’s and cr’s of a covariant vector-field in Vn+i, then 


(52.1) 

9a:* 

and 


(52.2) 

3 , _ 5 93/“ _ 

^"*-1 — 9 £C »+1 “ 


At points of Vn = 0) the functions are expressible 

as functions of • • •, x**, and for each value of « the 
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9 // 

oiiantitieh ^ , are the componont"^ of a covaiiant vector 

in r«. H(Mice given by (52.1) .ire tlie com]>oncnt«« of a co- 
v.iiiaut v*ector in 1 «. vvhi<“h we say is fit'rived from the given 
vector HI In particular, the vector wliere 9- is 

an aibiti'.iry function ot the ?/’&, is the moat geiKual covariant 
vectoi whose derived v’eetoi 111 T'„ is a zeio vectoi. Also 
we have at once that all vectors ot the jteiicil liave 

the same deiived vector in w'-hatever b(' q. 

In like mannei, it are the fom])ouents in tiie //‘.s 

of ,i teiisor m r„ 1, then 

.... 7 01/ ' n 

I o2.o,) h,^ — (7,/^ f'r ^ '1 ■ * 

c / ‘ o t ' 


evaluated at points ot are the i‘omp()iients of a tensor 

in r>, (let tierl from the given tensor in r,i j. From (52.1) 

and (52.3) it is evident that the tensor in V,, derived trom 

a covanant tensor in the enveloping V,, i is independent ot 

the choice of the v^eetor v^. This is readilv seen also bv’ 

• % 

obsemiig that the quantities h,^ possess tensor character 
under traiisform.itions of the form (50.14) wiiatevcr be the 
functions V'li as follows from (50.20), The same is true tor 
the general transfoimations 


where F and its first derivativ'es are finite for =: 0. 

Let and A® be the components in the y'u and x’s ot 

a contra v'anant v'ector-field in then we hav’e 


(52.5) 

and 

(52.6) 




^ ay 


= 




At points of Tn the functions are expressible as functions 

ot a:‘,-..j.r'* and for each value of u the quantities , ~ 

as»“ 
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for t = 1, - • •, « are components of a contra variant vector 
in Vn under txansformations of the form 

(52.7) a.' = a-'"), 


We say, that A* defined by (52.5) is the vector in Vn Hartved 
from the given vector in 

A contravariant vector in F» is necessarilj' one in F„-m. 
As a vector in Vn^i the vector defined in by (52.5) has 
the components 

(52.8) A* = ^ 0- 

0 2 / 


Accordingly it follows from (52.6) that when a contravariant 
vector in F„ 4 .i is tangential to F», it is identical with the 
derived ve^or in Vn. If it is not tangential to F„ and we 
denote b^’ the components in the y’s of the vector (52.8), 
we have 


(52.9) 

where 


tbIiC — 


L-/} o-y' 82/“ 

^ dy^ 9 7* 




(52.10) 


= 


Folloiving'Schonten we say that the derived vector of 
a contravariant vector is the tay^qenticd (onxjionfmt in of 
the given vector. From the form of (52.9) and (52.1*0j it 
follows that unless the given vector is tangential to its 
tangential component depends upon the choice ot the vector v^'. 

This may be seen also* from (52.5) Fni being tlie 

a IT 

3 ^ 

cofactor of —■ in the determinant J = divided bv 

ex' 61 

jt evidenth' depends upon v''. 

When in (52.5) nc repace by r'" we find that tlie derived 
vector IS a zero vector, and y is the only vector possessinar 
this property. Consequently, when a vector has been 
chosen, in the system so defined its tangential component 

*1924. 1, p 134 

xo 
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being zero, this vector is analogous to the normal vector to 
a hypersurfaee in a Riemanman ^pace in the sense that the 
tangential component is zero. This fact has led certain writers 
to 1 efer to as a pseudonormal." We do not use this term 
for a general choice of because in a Riemannian geometry 
It would he confusing (.cf. § 56). 

In like manner, if are the components in the ^*s 

of a tensor in Tn-t-ij Hi© quantities 


('52.11) 




a ^ 




a 2/“^ 


dx’' 


evaluated at points of Vn, are components of a tensor in 
under transformations of the type (52.7), that is, general 
transformations in T» but which in do not change the 

vector We call this tensor the derived tensor in F». The 
tensor in with the components '*• and = 0, 

when one or more of the tfs is is called by Schouten 

the tangential component ivith respect to Vn. If a®* are 
its components in the j/’s, we have 


(52.12) ... 

Fl Pr 

wheie the B's ai'e defined as in (52.10). 

Since a covariant vector in Vn is equivalent to the bundle 
of contravai-iant vectors in pseudoOrthogonal to it (§ 11), 
it is evident that a covariant vector in is not one in an 
enveloping Tn+i. If ^-a are the components in the -t’s of 
a CO variant vector in Fn4-i, the vector of components 

(52.13) A, - 0 

is equivalent to the bundle of contravariant vectors deter¬ 
mined by and the contravariant vectors in Vn pseudo- 
orthogonal to the derived vector of !.« in Fn. In this sense 
the derived vector is the tangential component of the vector 
* Cf. Tf’egl, 1922, 6, p. 134 and Se/touten, 1924, 1, p. 134 
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(^52.13). If '§a arc the components of the given vector m 
the 2 /’s, the components of (52.13) in the y’s are 






In general, the derived tensor in of a tensor 
is the tangential component of the tensor 


(52.14) 


a 




«r 


rr 


/*!• 



Again if j’ are the components in the ys of a mixed 

tensor in Vn'. i, the quantities 


(52.15) 



p t/ 9 a. * 


9a> djl^ 

dy“'‘ dec:''- 



evaluated at points of Tn are the components of a tensor 
under general transformations (52.7) and we call it the tensor 
ileiited from the given tensor in Fn+i. This derived tensor 
is the tangential component of the tensor whose components 
in the y s are 


(52.16) 


yrf. 



't. ri 


B"' 

r<- 



We call each of the tensors defined by (52.12), (62.14) and 
(52.16) the assoctnte of the given tensor with respect to 1',. 
From ('52.10), (50.3), (50.6) and (50.7) we have 


(52.17) 


9 so’ 9 j:’ 

doc? da' ’ 


M. 


9.x'*+-’- 

dy^ 

9sc”t-i 


= 0 , 


= O. 


Because of these identities we have from (52.15) 


'I 




dx'i 

9^ 


das-fm 


la* 


(52.18) 
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Similar results follow from (52.3) and (52.11). Hence we have* 
The derived tensors m Vn of a given tensor tn Tli+i and 
of its associate with, respect to Vn 'are equivalent. 

53* Symmetric connection induced in a hypersurface 
If 1%' and are the coefficients of a symmetric connection 
in a Vn+i in coOi'dinates and if respectively, we have 
from equations of the form (5.6) 


(53.1) 




= / «V' 

\ 8 'W 9 


9^//^ , 0j/r\ dod 

I J I r\ - js * 


dcr-^ d 7^) 9 


At points of Fm = 0) the values of depend upon 

the choice of the vector as is evident from (53.1), However 
if are the coefficients for Vn+i in the a:"s defined by 
(52.7), from equations analogous to (53.1) we obtain 


(53.2) 


K. 


I S''" +r;i,?j:lSsL’ 

\di>d3d‘ darJ 9a.-'‘ 




9£C' 

dx'' 


Consequently /'//. and /'J/' are the coefficients of the same 
connection in Vn , we call it the connection induced in Vn by 
that in Fn+i for a gnen choice of the vector v^. This qualifi¬ 
cation IS seen to be necessary from (53.2), for, in case of 
transformations of the tipe (52.4) there are in the last member 

of (53,2) the added terms ... 

' d:xJ df dx"‘‘^ 

For an asymmetric connection in Vn-i, equations (53.1) 
hold and the skew-symmetric part of the induced connection 
is given by 


(53.3) 


o', _ ov 

dx' da/- 


that is, the tensor iij/. of the induced connection is the 
derived tensor of the tensor of the connection in V„.Ti 
Consider, in pai'ticular, the case when the affine connection 
in r„ -1 is that of a Biemannian space, determined by the 

In § 56 we obtain th.e relations between the coefficients of two 
induced connections for different choices of i ^ 
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fundamental tensor of components and in the i/'s 
and x's respectively. Then we have 


(53.4) 


9?/“ 




From these equations we have* at points of — 0) 


(53.6) 


dy^ I 1 I ^y^' \ _ ^ 

da^ \daf^dx-> 9a^'' g l/fcVJa dx^ dx-^j 


\ cc \ 

where ( }• are formed with respect to the fundamental form 

'ft VI a 

lh\ 

n Fn+i and \ f with respect to the fundamental form 
in Vn. From equations of the form (5.6) we have 


8-j/^ , J « 1 ^ ^ r^hl9l_L. r'^-hi 

dx^dx-' 9a;* 9a*-' 9a;^‘' ' 


Substituting in the preceding equations, we obtain 

(/'v —= 0. 

In order that ? it is necessary and sufficient that 

gu.n-k--i. = 0 or rlj =0. In the former case the curves of 
parameter 3 ;**+^ meet Vn orthogonally. In the latter ease 
we have 


8^2/" 


9a;* 9a;-' 


\h\ ^ \oc\ 3y.“ dy^ __ 

8a;^ ^(juv^a 8a* 9a*-' 


0 


from which it follows that Vn is a totally-geodesic hyper¬ 
surface of F^+i.t Hence we have 

A necessary and sufficient condition that the coefficients of 
the indxiced connection in a hyper surface of a space with 
a Riemannian connection he the Ckiistoffel symbols of the 
second hmd formed with respect to the derived fundamental 

* Ct, 1&26. 1, p. 147 

t Cf., 1926, 1, equations <43 4) p 147 and (54.1) p. 183. 
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tensor ts that the vector he orthogonal to the hypersurface, 
o) that the latter he totaUy-geodestc. 

We iadicate by one or more subscripts preceded by a semi¬ 
colon eovariant differentiation with, respect to the induced 
connection. 

Prom the definition (§ 52) of the associate of a given tensor 
in Fm+-i with respect to it follows that the components in 
the ie’s of the associate tensor for which one or more of the 
indices are n + 1 are zero. Consequently from the general 
law of components of a tensor in two coordinate systems we 
have from (52.18) 


(53.6) 

•'I 


V 

j.,h 


—a, dx'' 


Qsc'* dor-’' ■ 


Hence we have* 

The first covariant dertvaUve m a hypet surface of the dented 
tensor of a given tensor in the enveloping space Vni-i is the 
derived tensor of the covariant derivative in of the 

associate ofi the given tensor icith respect to the hyper surf ate. 

It should be remarked that although the derived tensor of 
a covariant tensor is independent of the choice of its 
covariant derivative in the hypersurface as a derived tensor 
does depend upon 

Equations (53.6) do not hold for derivatives of higher order. 
However, the second covariant derivative of 6'’ '' is the 

JI Js 

derived tensor of By continuing this pi Dees'S 

we obtain derivatives of any order (cf. § 54). 

54 - Fundamental derived tensors in a hypersurface. 
l\'e denote by the tensor in V,, derived from the tensor 
Va,^ in that is. 


(54.1) 


U) 


IJ — 


dx’ 


dj.J ■ 


From the form of these expres.sions it is evident that this 
tensor is independent of the choice ot v‘\ In the / s the 
components of the vector v, are 
" Ct ^ihouten 19^4, 1 p 137 
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(54.2) V, -= 0, Vn+I = 1, 

as follows from (50 4) Consequently in the a-’s equations 
(54.1) are 

(54.3) 

Evidently' wij is symmetric. 

For a given choice of v^’ we have the tensor v\^ and the 
vector ^ Va We denote by tj and I, the component^ of 
their derived tensors in T», that is, 


(54.4) 
and 

(54.5) 


^ dy^ do(i 



9 y? 
9a' ■ 


Ill the a's the components of the vector aie given by 
(50.15) and consequently in the a’s we have 


(54.6) Ij - I 

and 

(54.7) I, = 

Because of (50.6) equations (54.5) can be wntteii U'. 

(54.8) /, = 

With the aid of the tensor oa,j we are able to expiess the 
covaiiant derivative of a derived tensor in terms of the denied 
tensor of the covariant derivative of the given tensoi and 
other derived tensors Thus it h,j are the component'' ot the 
derived tensor of we have from (.53.6) 

7, _ lif' 

b>, h — ( fUt^ " g ^ / 9 j y 9 ■ 

With the aid of (52.17) we obtain 

^ 9 y/‘ 9 9 j/‘ 

h,, I, — -X—r -TTJ' s ,/'■ 


(54.8) 


7 _— 1 - 


1, = — Vc’,ji ri 


9^‘ 

dy^ 

dt/^ 

9 a' 

P 

9 /''■ 


1 


C I ^ 


d :j * 
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55 . The generalized equations of Qauss and Codazzi. 
If and are the coefficients of an affine connection 
in a F„+i in coordinates and respectivelj, we have 
from (5.6) 


(55.1) 


^ d of dxJ dx^ ‘ 


At points of the Vn = 0) these equations can be written, 
in consequence of (54.3), in the form 


(55.2) 


y“,v + r'^ 


dj/ dyr 
8ar* dx-* 


— <Ov 


the first term being the second covariant derivative of y" 
with respect to the induced connection in Vn. 

When in equations (55.1) we replace z by w + 1 , we have 


8y« 

dx-f 






dxJ 




dxfi • 


At points of Vn these equations become, in consequence 
(54.6) and (54.7), 


(55.3) 


dx-^ 




= 7 *-^ 

8a;-^ 


8ar* 




We desire to find the conditions which the tensors 
and must satisfy in order that equations (55.2) and (55.3) 
be consistent. The conditions of integrability of (55.2) are 
of the form [cf. (6.4)] 


(55.4) 


a a 

y ,tjk, y ,tkj 


_ 92/“ 


dx” 


bT 




where B^ is the curvature tensor of Vn formed with respect 
to rjk. 

When the expressions (55.2) are substituted in (.55,4), the 
resulting equations are reducible by means of ( 55 . 2 ) and ( 55 . 3 ) to 


92/“ j}«n _ 

(55.5) ~ 


dy^ dyr dy^ 
8a^ dx^ 


(l»,/C Z^) 


Zft- (Oik Ij) , 


92(1 

8®^ 
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where is the curvature tensor of in the y’s evaluated 

at points of T’ii. If these equations be multiplied by ——— 

and by va and « be summed, we have respectively, in con¬ 
sequence of (50.3), (50.6) and (50 7), 

(00.6) BrjK — ^ h — 0>,J A. 

(55.71 OVA — ohKj = 

The conditions of integi'ability of (55.3) are [of. (6.3)] 

it r t. 

Substituting from (55 3} in these equations and proceeding 
as above, we obtain 


(65.8) + + 

^ y r. 

(55.9) (, J — 7j z + fj Ml,I — A o}),j -f Jil,,y Vr ~ ^ • 

f / c y r * 


Equations (55.*2) and (55.3) are generalizations of well-known 
equations in the theoi}’ of surfaces in euclidean space.' and 
ot equations in a general Eiemaiinian space t a),j being the 
components ot the second fundamental tensor and r^' the unit 
vector normal to T^. In tlie.se case.s the jnocesses followed 
above lead to the Gauss and Codazzi equations. Equations 
(55.7) and (55.8) are equivalent m these cases and (55.9) are 
satisfied identicalh'. 

Accordingly we call (55.6) the qenvi ulned equuttonf. of Gmiss 
and (55.7) and (55.8) the genet nhsed equations of Cijdnszi.% 

* 1909, 1, p. 134 

11926, 1, pp. 147, 148. 

+ Of. Schottten 1924, 1, p 140 
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From the equations of G-auss it is seen that the cui'vature 
tensor of the induced connection is not ordinarily the derived 
tensor of the ciu*vature tensor of the enveloping- space. 
When equations (55.6) are contracted for Ti and t, -we obtain 

(55.10) • 


By means of (55.9) and the theorem of § 5 these equations 
are equivalent to 


(55.11) 


.By* - 


^ __ 9 Uy \ QyT 9 d Ij _ d 7 k 

Qyr Qy^ j dx-^ d 3^ da^ 9 JcJ " 


AVhen the connection is asymmetric, the results of the 
preceding sections are essentially unaltered and the corre¬ 
sponding equations are obtained on replacing rji by ij*, then 
the tensor is not symmetric in t and 7 . The generalized 
equations of Gauss for this case are_obtained from (55.6) on 
replacing and by and L^yS' the right-hand 
member of (65.7) there is the added term —2i25& coj;», and in 
the left-hand members of ( 55 . 8 ) and (55.9) the added terms 
2S^jtk and 2lh respectively. 

56 . Contravariant pseudonormal. We consider the 
effect upon the coefficients of the induced linear collection 
and upon the derived tensors IJ and of a change in the 
rectors at points of V„, and to this end make use of the 
transformation (50.14). For the coordinate system x" the 
coefficients of the induced connection in Vn are given by 


(56.1) 


dx'-'dx''^ ‘ dx'-' d 3 ''^/ ■ 


In consequence of (50.20) and (50.21), it follows from the 
above equations, (53.1) and (54.3) that at points of 


(56.2) r’l = r]u — ii >[. 

It B'tjk denote the components of the curvature tensoi in /)'/ 
we have 
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(56.3) t + V'l (oJiA. ojjj 

+ <’hj fc — Wji . 


f*hj Wife)] 


From (50.22) and (50.23) we have at points of T'„ 




9 xJ 


= V 


9ajJ 


8V>i 

9 d oc-> 


(56.4) 


_ /_9 VL 4_ r“ ^ „/ 

\ 9 a;* 9 a-J ^ 9 


= ./» 


dxJ 




In consequence of these equations, (50.20) and the definition 

(54.4) of the tensor 1] we have 

(56.5) Z'J — tj — j “h V'i f(/ "J" V'l) • 


Since v'a — v« at points of Vn, as follows from (50.20), we 
have in like manner from (54.5) 

(56 6) Vi = Jt-\-Qhj (i'l. 


It IS readily found that equations (55 6), (55.7). (55.8) and 
(55.9) and similar ones for the induced cofinection r/j^ are 
consistent in view of the above lelations. 

As an immediate consequence of (66.6) we have- 

TF7ie?i tJie detei'mmnni \(>hj\ ts not zeio, a i eitot-field at 
points of Yn is uniquely deteimined uitJi lesped to ahich the 
lector 1 1 IS zeo oY 

Also we have 

Y"hen the deteiminunt j Wy is of) nnh n — t (5 !> 0), a lectot- 
field v"- at x)oints of Fn iiith lespett to ithuh the lecto) 2, is 
zeio tnnnot he ohtmned unless the matin 

! «ii . wiji l\ 

I 

‘i . . 

I I 

II f,l ' 

* Thio theoieui is due to Schonten, 1924 1, p 14.3 
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ts of rank n —?; ^n tins case the determinaUon of mtohes 
r arlMrary functions. 

It is seen from (54.8) that the vector 1% vanishes at all 
points of Vn, when, and only when. 

(56.7) J'a.yS = /J'/J 

at points of Vn, where y is a function of the ys which may 
be zero. These equations are, in consequence of (50.4) 

(56.8) v“ sp, = f 9P,^, 

from which it follows that 

j/“ vP gp, 0,(3 — y. 

If the determinant iSP.aysl is of rank u-f-1, by a suitable 
choice of y a unique vector v® is given by (56.8) so that 

5 = 1- If we retain this field at points of V„, and 

apply the method of § 51 to obtain a coordinate system a'” 
so that the curves of parameter are paths, whose 

tangents at points of have the direction of >>“, it follows 
from (51.11) and (51.12) that gp'c/j = 0. This is a general¬ 
ization of the situation in a Riemannian space when a family 
of hypersurfaces rp — const, are geodesically parallel, the 
function rp being chosen so that* 

^,cc V'./s = 1 • 

From this we have V'./Sr — 0. Hence the vector 

m this ease is the normal to ^e hypersurface. Accordingly 
■when there is a field satisfying the conditions of the first 
theorem, we say that the vectors are the contravarzant 
psentdonormals to the hypersurface. 

When for a given choice of the field v* the vector li is 
a gradient, and we put 

r = ^ ^og ^ ^ 8 log 6 dy" 

8 aj* dif 8 a;* ’ 

*1926, 1, p 57. 
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we have from (54.5) at pomt& of Vn 






== 0 . 


Hence, if in accordance with the results of § 50 we take the 
field dv^ at points of T",,, the correspondii^ vector h is zero. 
Accordingly we have* 

When for o given choice of the field v^, the vector ts 
a gradient, there eaists a function S such that for the fiidd 
the vector U w zero. 

Thus the ease where h is zeio is equivalent to that where 
it is a gradient so far as the direction of the field goes. 

If in (56.6) are chosen so that = 0, from (55.11) 
we have 


BZu = B\,k 




dh 

dxJ 


Ti“ 

9aA- 


Consequentl 3 " if — 0, we have B'^ = 0. Conversely, 
if — B%^y = 0, it follows from (55.11) that h is a 
gradient. Hence we have _ 

7'T7^e^^ foi an affinely connected spa/x Ba^ = 0, a necessary 
and siiffuaent condition that the directions of a vector-fiMd v°‘ 
at points of a hypei surface he suck that h he a zero vector is 
that the correspcmding tensor B]jk he zero. 

When equations (55.3) are written in the form 


GC 


dx-' 


f dlf 
did 




the quantities on the left are the components of the associate 
direction of the vectorfor a displacement in the dii*ection 
of a curve of parameter x-^ in Hence we have 

When a hypersurface admits a contravanant pseudonormal, 
the associate direction of this normal in the envelojptng space 
for any displacement in the hypersurface is tangential to the 
hypersurface. 

* This theorem has been established by Schoutm, 1924, 1, p. 142 
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This property of the contravariant pseudonormal is possessed 
also hy the normal to a hypersurface in a Riemannian space, 
which justifies further the term pseudonormal. 

57 . Ftindamental equations when the determinant 01 
is not atero. In this section we consider the case when the 
determinant ea is not zero at all points of and we under¬ 
stand that the unique vector has been chosen for which 
Z, = 0. In this case a tensor . 9 ^ is defined by the equations 

( 57 . 1 ) oitjk = A. 

'We assume that the determinant 


(57.2) 




A\ 


is not zero.t Then it follows from (57.1) that the determinant 
is not zero, and a tensor ff,j is uniquely defined by the 
equations 

(57.3) 9^ 9ji- = 

From these equations and (57.1) we have 

(57.4) 

If we put 

(57.5) 


— 9tic 
da^ dx-^ , 


it is evident from the form of these expressions that are 
the components in the y’s of a tensor in F„+i. From (57.5) 
we have, in consequence of (50.4), (50.6) and (50.7), 


(57.6) 


r(et^ 


di^ dy^ 
dx^ 9 r-f 


- fflj7 


(57.7) 




97 ' 






8 ^ 

dx‘ 


= 0 


* 1926, 1, p. 148 

t ITiis js an additional assumption. For it follows from (56 5) that 
for a transformation (.50.14) preserving: t " (i. e., i'/\ = 0) 1) are unaltered 



and 
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''<«/? = 1 . 

From these equations it is seen that for the determinants 


(57.9) 
we have 

(57.10) 


a 


a 


d!/“ 


g = \9>i\ 


= .9- 


Consequently 0 in the case under consideration. Accordingl 3 ' 
a tensor is defined by 

(57.11) a 

As a consequence of (57.7), (57.8), (50.3) and (50 6) we have 

(57.12) — antiV^ = v^. 

Moreover from (57.11) and (57.12) we have 

(57.13) v“ — = v^a^'P. 


These equations are a generalization of the equations of 
a Riemannian space connecting the contravanant and covariant 
components of the normal to Fn. 

It equations (55.6) are multiplied by grh and summed for h. 
we obtain, in consequence of (57.12), 

_ — 9 9 

where we have put 
(o^.lo) JSi tjK - (f^h 


In the present case equations (55.7) become 


O) 


fj 






9i* 




(57.16) 
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If we substitute in these equations the expressions (57.4> 
for oa,j, we have that equations (55.8) are equivalent to 


(57.17) 


f _ jT _ o'' 

Ij 9ir-,J ‘A, - 


= Htc^yS 


d xJ 



the last expression being a consequence of (57.6), (57.7) and 
(57.13). To these equations must be added (55.9) which 
reduce to 

(57.18) (oj,,^ ft),;. — ft);,i ft),,) -f -g-^ = 0. 


In a Riemannian space T « 4 .i for which <(ct^ is the fundamental 
tensor, it and (h, are symmetric. Also g^,u. — 0 and 
is skew-s 3 'mmetric in « <ind >5. Consequently in this case 
equations (57.17) and (.57.18) are satisfied identically and 
(57.14) and (57.16) assume the form of the Gauss and Codazzi 
equations.' 

58 . Parallelism and associate directions in a hyper¬ 
surface. Let A' be the components in the ./-'s of a field of 
vectors in 1 « and the comiionents in the y's of this vector- 
field in r»-ri. Then we have 


(58.1) 


7j 


8 )/' 
8 .C' ’ 


If we differentiate these equations with respect to .r'^ we 
have, in consequence of (55.2). 


(58.2) 




— ft),, JJ 


At points ot a curve Cin 1',. vhose coordinates are cxpres'^ed 
in tenns of a parameter t. we have 


(58.3> 




fit 


j: 


d 

dt 


8 

3 /' 


- ftJ,y 


d r> 
~d { 


v*'. 


* 1926, 1, p. 149 
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These equations may be written in the form 


(58.4) 




■where and are respectively^ associate dmections (§ 16) 
oi the vector in F,i+i and F„ with respect to C. 

If the vectors are parallel in T’;j 4 i with respect to C. 
= fit) (cf. § 7) and from (58.4) and (58.1) it follows that 


(58.5) fi' = 0. 

Hence "we have: 

When a family of contt avaHant vectors in a hype) surf ace 
ore parallel m the enveloping space icith lespeci to a cuiie, 
they are pat allel in the hypei'suifare icith i espect to the cia le. 
for eteiy choice of the vector v“. 

From (58.4) and (58.5) it follows that a necessary and 
sufficient condition that a famil 3 ’ of vectors in T’h at points 
ot a curve C be parallel in Tii with respect to C. w'^hen thej- 
are not parallel in F„ 4 -ij is that there exist a function fit) 
such that 

(58.6) —fit) ^ r- 

Conversely, if a vector field 7.’ is such that Wy A'= 0 

and (58.6) hold along a curve, it follows from (58.1), (58.3). 
(58.4) and (58.6) that 



' 9 ?/“ ! 

Since the rank of the matrix ; . ■ is n. we have that 

\ dac* I 

the vectors of the field are parallel in Vn with respect to 
the curve. _ 

Two hj'persurfaces Fh and T« are said to be tanyent along 
a curve C, if they have the same covariant pseudonormal 
(§ 30) at points of C. Since the components of tiie pseudo- 
normal are determined only to 'within a foctor, there is no 


u. 
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loss of generality in assmning that and v“ are the same 
for Vn and Vn at points of C. Hence from the above results 
we have: 

When two hypersurfaces are tangent along a curve, contra- 
variant vectors parallel %n one vnth respect to the curve are 
paraMelt tn the other * 

59 . Curvature of a curve in a hypersurface. When 
in equations (58.3) we take for the tangent vector to C, 

that is, — , these equations become 

a t 


, rct dy^ dyr 
dt^ dt drt 

I , dx-> dof \ dy^ _ dx^ dx-‘ 

\ di^ dt dt ) dod- dt dt 


From these equations and ( 7 . 6 ) we have. 

When a path of a space hes tn a hypersurface, tt ts a path 
of the latter, for an arlntrary choice of r®', and ti ts curve 
fen ivhtch 

(59.2) (i),j dod dx-^ = 0- 


This is a corollary of the first theorem of § 58. 

If (7 is not a path, we choose for the parameter an affine 
parameter s of the path tangent to C7 at a point P. Then 
at P we have 


(59.3) 



where if are the components of the first curvature vector 
of <7 at P for T^+i (§ 24), 


(59.4) 
and 

(59.5) 


B 



_ da' 'dx^ 

- j - 

ds ds 

d?ad ■ , dx-> dad 

ds^ ds ds 


/*'• 


* Cf. 1926, 1, p. 75. 
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The vector is in the pencil determined by the tangent to 
and its first curvature vector in F„. If it is tangent to 
C, then (7 is a path in F„ and is a vector of the pencil 
determined by this tangent and the first curvature vector in 
I )»+i* 

When y" is the contravaiiant pseudonormal to Vn (§ 56), 
we call 1 /jB the normal curvature of the curve, and the 
} elntive cnriature vector of the curve in T«. If and 

are not zero (§ 57), we put 

(59.6) ~ ~ 

and call 1/q the ^rst cuficdme ot C m Tn+i and l/^r the 
0 elntive cun attire of C in Vn, as in the case of- a Hiemannian 
space. 

6o. Asymptotic lines, conjugate directions and lines 
of curvature of a hypersurface. The associate covanant 
vector in a space Vnti (§ 16) of the pseudonormal va of 
a Vn with respect to a curve C of Fn is given by 

dt/^ _ 

From these equations and (54.1) we have 

A necessary and sufpcietxt condition that the associate co- 
car icmt veciot' of the cocanant pseudonormal to a hypei'surface 
toith respect to a curie of the lattei he psendoorthogonal to the 
cut he at a point is that the direction of the curve satisfy the 
condition 

(60.1) ot,jdj‘dx-> = 0. 

As this is a property ot asimptotic dmections of a hyper¬ 
surface of a Riemannian space,+ we call the directions defined 
by (60.1) the asymptotic directions. A ciuve whose direction 
at every point is asymptotic we call an asymptotic line We 

* Of. 1926, 1, p. 151. 

11926, 1, p. 157 


11* 
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note that asymptotic lines and asymptotic directions ai'e 
independent of the choice of the vector 

From (59.1) and (59.3) we have the theorems* 

When an aeympioUc line zs a path of the Jajpersmfnce, zt 
zs a path of the envdopzng space and convet'sely. 

The first airvaiu) e vector, zn a space, of a cio ve zn a hypefr- 
siirfaee zs tangenUal to the hypersurface at a point, token, and 
only when, the direction of the curve at the point zs asymptotic 
n (7 is a path of Yn and s is an affine parameter in T n 
for the path, equations (59.1) become 


ds^ 


■ (Jti 


tj 


ds 


rl/i 

rls 


V 


V 


Hence we have: 

A path of a hypersurface in an asymptotic direction of 
a point has aontact of the second or higher ot der at the poinl 
with the path of the envdoptng spate through the point zn 
this direction. 

As in Biemannian geometry, we say that two directions 
at a point of a hypersurfaee are conjugate, if 


oi,j da?'dap = 0. 


Thus asjTnptotic directions are self-conjugate. From § 58 
we have: 

In order that a family of vectors at points of a turce of 
a Itypereiirface he parallel hoth with »espect to the hypersurfaee 
and Ike erw^cping ^ace. zt is necessary that the dnection of 
Ike vectors he conjugate to the curre. 

If. whenever possible, the vector is chosen in such a 
manner that the vector 7, is zero, we have along anj* curve C, 
in consequence of (55.3) 

(60.2) 

The left-hand member of this eqpatio^L is the associate direction 
in of the vector ^ Tcith respect to the curve* In order 
CL SchouietK 1924. 1, p. 148- 
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that this direction maj' coincide with the tangent to the 
ciuwe, we must have 


■* dx‘ at ^ dt ' 


Since the rank of the matrix 

are equivalent to 

(60.3) — 


82/“ ; 

9x* i 


in n, 


dx-' 

IT 


= 0 . 


these 


equations 


Conversely for each root of the determinant equation 


(60.4) djj=0 

a direction is determined for which the associate direction 
of r“ in T n+i coincides with this direction. When in particular 
the conditions of § 56 are satisfied, is the contravariant 
pseudonormal and the curves of F„ defined by (60.3) are 
an evident generalization of the lines of curvature in a 
Riemannian space. ^ Accordingly we call the curves defined 
by (60.3) the hnes of curvature of Vn. 

Jf the roots of (60.4) are real and distinct, there are n 
uniquely determined families of real lines of cimrature. If 
^ is a real root of order >, it is possible to find r hnearly 
independent families of lines of curvatm*e corresponding to 
this root; moreover, any family of curves linearly dependent 
upon these families also satisfies (60.3). 

£ach choice of a vector determines a tensor Zj and con¬ 
sequently leads to equations of the form (60.3). However, 
if Ze + 0, the associate direction of the vector satisfies the 

above condition only in case h • = O, as follows from 

(55.3). We reserve the term lines of curvature for the case 
when It — O.f 

If equations (60.3) are multiplied by gin (cf. § 57) and 
summed for t, we have from (57.4) 

♦1926, 1, p. 157. 
t Cf. SchouttM, 1924, 1, p. 148. 
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(60.5) (®*y Q — gKj) = 0. 

If as in § 59 we use for parameter an. aifiLue parameter s 
of tie path tangent to a line of curvature at a point and 

put gjk —%— — = 9, then q = Rg>. A discussion of 

€L S Cb S 

equations (60.5) can he made similar to that of the corre¬ 
sponding equations for a hypersurface of a Itiemannian space.* 
In particular, if and are the directions defined by (60.5) 
for two distinct roots of (60.4), we have 

grj ^“1 ^2 = 0 A 2 = 0. 

From the second of these equations it follows that the two 
directions are conjugate. 

61 . Projectively flat spaces fcr which is sym¬ 
metric. Consider for a space F» with a symmetric con¬ 
nection the system of equations 

(61.1) V Gyd. 

The conditions of integrability (6.4) of these equations are 
reducible by means (61.1) to 

~1“ 0,ik dfc Utj ) 0 (<Iy,7k 0. 

In order that equations (61.1) be completely integrable, and 
consequently that the general solution admit n-\-l arbitrary 
constants, it is necessary that 

+ = 0 , (itj,k — aiK,j = 0 . 

Contracting the first for and k, we have 

(61.2) ay = 

so that the above conditions are 

(61.3) By) = 0, B^,j— B^k,J = 0 

• Cf. 1926, 1, p. 153. 
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Hence is a projectively flat space (§ 34) and is symmetric 
as follows from (61.1), (61.2) and (6.3). 

Since each solution of (61.1) is determined bv initial values 
d 0 ^ 

of 0 and there exist «+l solutions •... 7 «) for 

which the determinant 


(61.4) 


i 

I 


i 

j 9/^ 




9:r« 




9 e«+i 
~9^«" 


gn+1 


IS not identically zero and the matrix of the first ?? columns 
is of rank n. Hence the jacobian of the equations 

(61.5) «/“ = 0“(a^, . , as”) (« = 1, , w + l) 


is not zero, and these equations define a transformation of 
coordinates in a space Fn+i. We define a connection for this 
Fn-i-i in the coordinates jr“, by taking for rJjXhJj A: = 1. • .n) 
the expressions for these functions for the given Tn. and in 
addition 

(61.6) B,J, = 6^, («,/?=!, ... « + 1). 

01/ X 


If denote the coefficients of the connection in the y's, 
it follows from the equations 


9^ I 

dx^dxr~^ 9ic/* dxr dxM 

(a, fi, y, fv, V ~ 1, • -,w + l) 


and from (61.1), (61.2) and (61.5) that 


r« 

dxfi dxr 


== 0. 


Consequently r^v = 0 and F»a-i is a euclidean, or flat space. 
From the definition of the affine connection in Vm+i it follows 
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that the induced connection in the hypersurface = 0 
is that of the given space F,i. Hence ive have: 

A py'ojechvely fiat space of n dimensions for which Btj is 
si/iiiinetric can he immersed in a fiat space ofn-\-l dimensions,'^ 
In order to investigate the situation more fully, we observe 
that by suitable linear combinations, with real coefficients, 
of the 0’s the fundamental form of T»+i is reducible to 
where the e’s are plus or minus one. If we 

denote by Oa^ the coefficients of this foi m in the x’s, w^e have 


(61.7) 






9 0“ 
9x" 


a,n-t-l — 0“ 


1 e~“ 


9 0“ 
da;-' ’ 


8 0 “ 
9.^7 


If we put 

(61.8) 2Jer,(d^)- = 2 ;., 

€£ 

the successive covariant derivatives of this equation are 
reducible by means of (61.1) and (61.2) to 


(61.9) 


^ea 0 “ 0 “ , = 


2 A 


n 


i « 


From the results of § 53 it follows that the coefficients of 
the induced connection in the hypersurface = 0 are the 
Christoffel s 3 nnbols of the second kind formed with respect to 

i£. 

= 0, that is, w'hen A is a constant. In 

and consequently the hypersurfaee is of constant Hiemannian 
em'vatnre.1’ 

* Eisenhart, 1926, 9, p 338. 

11926, 1, pp. 135, 203. 


only in ease 
this case we have 
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Consider now any hypersurface of a flat space Fn+i for 
which the coordinates, are cartesian and the fundamental 
form is ^ ea the equation of the hypersurface beingr 

ce 

(61.10) = 0. 

This equation may be replaced by 

(61.11) 2/® = 6" (x'-j ‘r^) 


where the functions 6“ are arbitrary, except that (61.10) is 
satisfied and the Jacobian of any n of them is not zero. 
When, and only when, the function F is not homogeneous 
in the y^s, the determinant A defined by <61.4) is different 
from zero; that is, when the hypersurface is not a hypercone 
with vertex at the origin, or a hypeiplane through the origin. 
Consequently, with these exceptions, the functions can be 
chosen so that equations (61.5) define a transformatiou of 
coordinates in such that = 0 is the equation of 

the given hypersurface. The coefficients of the mduced con¬ 
nection in the given hypersurface are given by 


(61.12) 


r! 


jk 




where the latter are defined with respect to the a’s given 
by (61.7). Since the Chiistoffel symbols formed with respect 
to the 2 /’s are zero, we have 


(61.13) 


j cc \ _ s^ y^ dx" 

dx^ dx^ " 


From these equations and (61.12) we have 


- 8^2/“ r-h dy“ Jn + ll « 

(61.14) dx*dxJ ^ da/‘^ < /j 

which reduce to the form (61.1) because of (61.5). 
sequently 

= (« — 1 ) , 


Con- 



170 


IV. THE GEOMETRY OF SUB-SPACES 


and for the induced connection the hypersurface is yroject- 
ively flat. Also from (61.5) it follows that 




= 


by means of which and (61.14) w'e get the equations (61.6). 

Returning to the consideration of the cases excepted above, 
we see that by a suitable change of origin of the y’s, the 
hypersurfaces excepted for one coordinate system are not 
excepted for another. Hence we have 

TJie veaiot-field cafi he tliosen nt potnts of any hypet- 
surface of ft flat S2>ace so that for the induced connection the 
Jiypersurfare is projectioely flat. 

62 . Covariant pseudonormals to a sub-space. When 
a space Vm is referred to coordinates a sub-space, or 
sub-variety, Vn is defined by 

(62.1) 5 P‘'( 2 /S • , yV = 0 (o-= w-f 1 , ..., m). 

If we put 

(62.2) = SPHyS '"j y”^), -z® = 9’'^,* 


where the functions y* are arbitrary except that the ]acobian 
of the m 9 >’s is different from zero, equations (62.2) define 
a coordinate system for which the given Vu is defined by the 
equations ar® = 0 (<r = n -f- 1 , • • •, m). 

Any displacement in Fn satisfies the conditions 


(62.3) 


9y“ 


dy^^ = 0 , 


and consequently the covariant vectors in defined by 


(62.4) 


^ 

“ 3 !/“ 8 !/“ 


* In this and the following sections latin indices take the values 1,_, n, 

letters at the beginning of the gxeek alphabet values 1, - m and those^ 
at the end w^ + 1, • * -, m. 
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are pseudoorthogonal at any point of V,i to any displacement 
in the latter. We call them covmicint pscudonoimals to "Fk; 
evidently any linear combination of them is tlie most general 
CO variant pseudonormal to T',. 

If we put 


(62.5) 


v'’ 

w) 


8 ' 


for a given value of a, at any point are the components 
of the contravariant vector tangential to the curve of para¬ 
meter as^ at the point, that is, the cui've along which all the 
ic’s but are constant. As thus defined the functions 
depend upon the choice of the functions in (62.2j, whereas 
do not. From (62.4) and (62.5) we have 


(62.6) 

and 

(62.7) 




(ff) C' 




W QyC' 

When equations (62.2) are solved for the we have 


(62.8) •• 
or as power series in 


(62.9) • •• - • 

Consequently is defined by the parametric equations 


(62.10) y" = . •. 

and at points of T'„ 

( 62 . 11 ) 

63 . Derived tensors in a sub-space. Induced affine 
connection. For a tensor in Tm the quantities given by 
(52.3), (52.11) and (52.15), where greek indices take the 
values 1 , •••, m, evaluated at points of Tn define a derived 
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tensor in In particular, the derived vector of any co¬ 
variant psendonormal is zero, and the derived vector of 
any is zero. 

If we put 


(63.1) 
we have 

B^p 


« f<7') 

- Vp . 


== 

dx> 
dyt^' 


-b?!< 

= 

0 7' * 

r\ Y ■ 


Hence with this intei-pretation of equations (52.12), (52.14) 
and (52.16) define tensors in Vm, associate to the given tensors, 
such that in the a's any component involving one or more 
indices •• , »n is zero and the other components are 

those of the derived tensor. Purthennore, the last theorem 
of § 52 holds for a T« in a T"„i. 

If / py and I'py are the coefficients of an affine connection 
in Vm in the j-’s and y's respectively, we have equations of 
the form (53,1). If are the coefficients in coordinates 
where 

..., r»), 

then equations (53.2) hold, and thus the quantities and 
evaluated at points of are the coefficients of the same 
connection, which we say is induced in T”,,. From the foi-m 
of equations (53.1) it is seen that this induced connection 
vai-ies ivith the choice of the vectors via). In ivhat follows 
we indicate by a semi-colon followed by indices covariant 
differentatiott with respect to the induced connection. We 
remark that for a in a Tm there is a theorem similar 
to the last of § 53. 

64. Fundamental derived tensors in a sub-space. 

the tensor in Yn derived from the tensor 
Vf£ p in I m, that is, 
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Oifj 


dor' djrJ * 


(64.1) 

In the ys the components of the vectors vrf' and aie 

(64.2) V?' = dZ, = d%, 


as follow from (62.4) and (62.5). Consequently in the xs 
equations (64. Ij are 

(64.3) 6,4^ = _r^. 


We denote bj" 7(2? the tensors in T'/t derived from 
V(<r),/S and v^a in T'?,?, that is, 


(64.4) 
and 
(64 5) 


l[oy = 


€f 3a* dy^ 


l(.ayi — 


J'Ctf. ^ Vt. 


r) dyli 


dy 


In the ir’s the components of these tensors are 
(64.6) l[a)j = 1%, 7(2, = 1%^ 


In consequence of (62.6) we have from (64 5) 


(64.7) 


«!, = - 


(t) « 

Vw 


87 / 

8 r* ' 


The geometrical significance of these tensors is pointed out 
in the next section. 

In order to study the effect of a change of the vectoi's 
V(2, we consider a transformation of coftrdinates of the form 

( 64 . 8 ) y = y + ifi'aof, y = y, 

where the V^’s are functions of .r', —. At points of Vi, 

we have 



174 


IV. THE GEOMETRY OF SUB-SPACES 


97/” _ 9a;'^ _ 9y” 


07/” _ 


9 a’ 
92^“ 


9jg'/S 9 a* 


(64.9) 


0a” 


0a^ 


0 a' 
/<r 


9 a'* 
0 a” 


9 a" 

07/« 


8^2/” 


9y“ 


9V” 

ds^daf^ 


0y«’ 

8^y“ 

0 a'* 9 a'^ 


0a’ 9a-/ 


0 a'*’ 

9a* , ,, 9a 

0g^ 02/“ ’ 

_ 9V 


9a'* 9a'-' ’ 




9^7/” j 9y” gy/^ 


0a'*0 


a 


0a;'-' 9a* 

From the fourth of these equations we have that va*^ — vjf’, 
that is, the covaiiant pseudonormals are unaltered. The 
second and last sets of these equations are reducible by means 
of the others to 

« 


(64.10) 

and 


n., = <c,+^.n 


a a' 


dv[^ _ dvXa) 


8V 




ay” 

dxJ 9a* 


9a;'‘ aa* aa*aa-/ 

From these two sets of equations, (64.9) and (53.1) we have 


t« 97//* 

"'<”>■/* T3I 


dr' 


(64.11) 


ct 

9^ 

1 a^ 

7/“ I 7-“ 

97//* 



dcr^ 

\ ao* 

9a-/ ‘ 


0a-// 



97/“ 

9y/> 





a a-/ 

0 a* 



' «0,/S 

97//* 

ao* 

- XpJ 

T a 

0a-' ^ 


fr)- 


If we define l'^a)j and by equations analogous to (64.4) 
and (64.5), we have 


(64.12) iicoj — ~i" 4^)7 “1“ y/c y/^* 

(64.13) "I" y/* ■ 


There is also another element of indeterminateness due to 
the fact that the covariant pseudonormals are not uniquely 
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determined. In fact, the sub-space defined by (62.1) is like¬ 
wise defined by the equations == o, where = Ar 9 ^, 
the ^’s being arbitrary functions of the y’s subject to the 
condition that the determinant is not zero as a con¬ 
sequence of (62.1). I'rom the above we have 


-«r) _ 

Va,fi - 


~<r 

y ,«/3 — 




Ir 


-+- AZ „ - 1 - 4Z „ 




From these equations and (64.1) we have at points of Vn 
(64.14) = Aro4j\ 


where noAv At may be interpreted as arbitrary functions of 
x^, •••, such 'that the determinant is not zero. An 
application of the foregoing results will be made in the next 
section. 

65 . Generalized equations of Gauss and Codazzi. 
At points of a sub-space Vn of a Vm as defined in § 62, 
equations (55.1) may be written by means of (64.8) 


(65.1) 


« 




dy^ 


dyr 

d-xJ 


(<T) « 


When in equations (55.1) w^e replace j by a, the resulting 
equations may be w^ritten 


dyT.x) 
9 r* 




dyr 
9 a-* 


dx^’ 


and at points of 
of (64.6), 

(65.2) 


Vn these equations become, in consequence 


9 a"* 




dyr 

dor’ 




9ar-' 


7 (r) a 

VcT)* 


With the aid of the identities (55.4) for the present case, 
we obtain as the conditions of integrability of equations (65.1) 
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(.Dy* + j 'to)/- "*A- ka)j) g 

I « / to) to) I , ,(T) /ff) ^ ,(T) Jtf) V 

+ Pto) — "*/-,./ r "sj «{T)A. — toj/c kT)j) 


dyr di/ 

9 a?-/ 9 a* 

= 0 . 


9 a;^‘ 

If these equations are multiplied by and by vjf/ and 

ct is summed, we have the respective equations 


(65.3) 


(65.4) <»v 'a, — ~ 


,to) _ 






d 


a?* 


9y“ 


,.to) jfi> 1 ...to) 7 /# 

•Mjj t(ff)A + tozfc K<r)./« 


TQ« 32/^ -to) ..(T) 7«r) 1 ..(T) j(ff) 

— P« Hr) A -r to,fc Hr) 7 , 


In like manner we find that the conditions of integrability 
of (65.2) are 


(65.5) 


Jt, jh 1 ,(« Ji /T) jh 

"i” Hc)j KTit 


+ ^s-. 


. vt 




dyr 

daf 


dy^ 9a^^ 
9 a?-/ 9y" 


0 , 




'I (T) 

(a) 7 ttV?* 


(65.6) 




to) 


9^ 

9ir/ 


_ 


9 a?-/ 


These equations are evident generalizations of equations 
obtained by Voss and Bicci for a sub-space of a general 
Biemannian space*. 

From (65.3) we have on contracting for 7t and ^ 




(.S', 


r3 


*f«o 


y to)^ 92^ 


9ay 9a?* 


_a,<ff) 7 /* 4_ lato) 7/t 

“/V Vj/£ ^ 


/i/i ‘'to)j» 


which is reducible by means of (65.6) to 


(65.7) 


.S> 


dy'^ 


V 975 - Ijr+^toy;/. 


7<ff) 


From (64.13) it is seen that if the detenninant of any one 
of the sets of functions w^' is different from.zero, or can be 

* 1926, 1, p. 163. 
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made such, by (64.1^), the functions and consequently the 
vectors can be chosen so that the siuns Z(4h are zero. 
Consequently we have from (65.7) 

Jn general the vectors can be chosen so that when the 
tensor Sap m the envelopvng space ts synwnetnc, the tensor Sy 
of the induced connection tn the sub-space also ts symynetncJ* 

It is an algebraic problem to determine by means of 
equations (64.14) whether m —n independent covariant pseudo¬ 
normals can be chosen so that all of the determinants t 
are different from zero. When this condition is satisfted. 
m — n independent vectors can be determined by (64.13). 
so that ~ 0, where or is not summed. In this case, as 
follows from (65.2), the associate direction in Vm. of each 
vector j-’JJrj for a displacement in does not have a component 
in the direction (cf. § .56). As this is a property’ of the 
normals to a sub-space of a Riemannian spaee,t we say that 
the corresponding vectors are contratanant pseudonormals 
to the sub-space. The process of determining these pseudo- 
normals IS not unique .since each choice of covariant pseudo¬ 
normals satisfying the desired conditions yields a set of 
contravariant pseudonorraals. 

When the connection is asymmetrir (ct. § 55), the equations 
analogous to (65.3), (65.4), (66.5) and (65.6) are obtained 
ti-om the latte!' on replacing and by llyK and Lpj,^. 

subtracting the term 2 /^a, fiom the right-hand member of 
(65.4). and adding the respective terms 2 iiy and 2 
to the left-hand members ot (65.5) and (65.6). 

66. Parallelism in a sub-space. Curvature of 
a curve in a sub-space. The results of §§ 58. 59 can 
be geneialized to the case ot a general sub-space. In place 
ot f58..3) wc have 


(6(>.l) 


•c" . '’yt 

* (ft 


A 


tj 


d(> 

fft 


df 

d t' 


-M 


(O) 

f/ 


J. 


(I tJ 
(ft 


t' 

<7 


Cf Schouteu, 1924, 1, p 162 
t 1926, 1, p 161 equations (47.9» 
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Couaeqiientl^ we have 

When ft fnmdi/ of (oniudto lani vectors of a stih-space ate 
jymaHet in the enieU>i»n(] spate ivith i esxmct to a cui've, they 
are pai nllel zn the bnlj-'^pfice foi eieiy rhcnce of the vectors 
In particular we Ijave 

When a path of a f^paee lies in a. siih-space, 'it ts a path 
of the suh-&2JOU'. foi eieiy (hone of the rettois 

a CIO te fo) irhirh 

it ]i‘ (1 rI 0 (o' >/. -I- 1« • , «i). 

From thiN theoiem we have also 

J netessaiij anti sufficient tonthtion that eieii/ path of 
a suh-spate he a path of the enieloping space is that 


V 


These sub-spaces are the analogues of totall.v-geoclesic sub¬ 
spaces of a Riemannian space.' 


When m (66.1) 
equation 

by 




(a) 


obtained from 
fJx‘ (tap 


we replace 
(59.1) 


by 


d t 


we have the 


cU 


on replacing the last term 

(1 nrj /I Hf'^ 

Consequently is the 

dt dt 


component of the curvature of the curve m the direction 


If we multiply (65.2) by —— 

, (f r 


for a curve, we have 


V 


IcVp 


P 


da' 

dt 


dif' 
0 jr ' 


J 

'■(a ‘ 


dr-> 

'dt 


Hence lio) 


da' 

~dT 


are the tangential components of the associate 


direction of the vector j'f', for the curve and Ij'l], —tt- are 

«i) («7); pf 

the components in the directions 

67 . Projective change of induced connection. In 
order to determine the effect upon the induced connection of 


* 1926, 1 , p 184 
■fCt^reyl, 1922, 6 p 156. 
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<x pro 3 ectwe cliange of connection in ttie enveloping space, 
replace in (53.1) hy expressions of tlie form (32.1) and. 

understand th.at cc, jS, y take tke values 1. - - , -m. DFrom th.e 
resulting equations and (53.1) we have 

(67.1) + 

where 

being the vector in determining the projective change. 
Hence we have * 

IVhen the connect 2 on of a s^jck's undergoes ct jprqjecttve 
c^^clngey the same is true of the t7zd'uced < on7\ectton of a suh- 
sjpCLce, rtnd the vector deta ymning the latter zs the derived 
vector of that determii'iing the foymei 

IFrom (67.2) it is evident that m —yi independent vectors 
pec exist such that there is no change in the induced connection. 
Lf we take xjL^cc = ce where o* is not summed, then 

(cf § 65). Consequently when the vectors vtci'> can 
be chosen so that l{a]j = O (a not summed), there is no 
projective change in the induced connection. 
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